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Abstract. A C*-textile dynamical system (A., p, r), T, p , Ef, re) connsists of a 
unital C*-algebra A, two families of endomorphisms {p a }aesp an d {la}«6Ei 
of A and certain commutation relations re among them. It yields a two- 
dimensional subshift and multi structure of Hilbert C*-bimodules, which we 
call a Hilbert C*-quad module. We introduce a C*-algebra from the Hilbert 
C*-quad module as a two-dimensional analogue of Pimsner's construction of 
C*-algebras from Hilbert C*-bimodules. We study the C*-algebras defined by 
the Hilbert C*-quad modules and prove that they have universal properties 
subject to certain operator relations. We also present its examples arising from 
commuting matrices. 

1. Introduction 

In [16], the author has introduced a notion of A-graph system as a generalization 
of finite labeled graphs. The A-graph systems yield C*-algebras so that its K- 
theory groups are related to topological conjugacy invariants of the underlying 
symbolic dynamical systems. He has extended the notion of A-graph system to 
C*-symbolic dynamical system, which is a generalization of both a A-graph system 
and an automorphism of a unital C*-algebra. It is denoted by (A, p, E) and consists 
of a finite family {p Q } a es of endomorphisms of a unital C*-algebra A such that 
p a (Z X) C Zj,,a 6 E and X^aeE Pa{X) — 1 where Za denotes the center of A. A 
A-graph system £ yields a C*-symbolic dynamical system p z , E) such that A& 
is C(fl£) for some compact Hausdorff space fi^ with dimfio =0. A C*-symbolic 
dynamical system (A, p, E) provides a subshift A p over E and a Hilbert C*-bimodule 
l-L P i over A which gives rise to a C*-algebra O p as a Cuntz-Pimsner algebra ([19], 
cf. [11], [31]). 

G. Robertson-T. Steger [34] have initiated a certain study of higher dimensional 
analogue of Cuntz-Krieger algebras from the view point of tiling systems of 2- 
dimensional plane. After their work, A. Kumjian-D. Pask [12] have generalized 
their construction to introduce the notion of higher rank graphs and its C*-algebras. 
Since then, there have been many studies on these C*-algebras by many authors 
(see for example [6], [8], [12], [32], [27], [34], etc.). 

M. Nasu in [25] has introduced the notion of textile system which is useful 
in analyzing automorphisms and endomorphisms of topological Markov shifts. A 
textile system also gives rise to a two-dimensional tiling called Wang tiling. Among 
textile systems, LR textile systems have specific properties that consist of two 
commuting symbolic matrices. In [20], the author has extended the notion of textile 
systems to A-graph systems and has defined a notion of textile systems on A-graph 
systems, which are called textile A-graph systems for short. C*-algebras associated 
to textile systems have been initiated by V. Deaconu ([6]). 



In [23], the author has extended the notion of C*-symbolic dynamical system to 
C*-tcxtile dynamical system which is a higher dimensional analogue of C*-symbolic 
dynamical system. The C*-textile dynamical system (A, p, 77, E p , E^, k) consists of 
two C*-symbolic dynamical systems (A, p, E p ) and (A, 77, E^) with a common unital 
C*-algebra A and a commutation relation between p and 77 through a map k below. 
Set 

E p " = {(a, b) G E p x E" I Vb o Pa ? 0}, E w = {(a, 0) G E" x E p | p p o r? a ^ 0}. 

We require that there exists a bijection k : E'" ) — ► E' 7P , which we fix and call a 
specification. Then the required commutation relations are 

Vb°p a =Pp°Va if K(a,b) = (a, (3). (1.1) 

The author has also introduced a C*-algebra Ci from („4, p, 77, E p , E^, k) which is 
realized as the universal C*-algebra C*{x, S a , T a ; x G A, a G E p , a G E^) generated 
by x G .4 and two families of partial isometries S a ,a G E p , T a ,a G E 7 * subject to 
the following relations called (p, 77; k): 

^ S^S^ = 1, xS a Sa = S a S^X, S^xS a = p a (x), (1.2) 

^ T fc T h * = 1, a;T a T a * = T a T a *a;, T*xT a = Va {x), (1.3) 

S a T b = T a S p if /c(a,6) = (a,/3) (1.4) 

for all a; G .4 and a G E p , a G E 7 ' ([23]). The algebra is a generalization of some of 
higher rank graph algebras. 

In the present paper, the author will introduce another kind of C* -algebras 
associated with the C* -textile dynamical systems from the view point of Hilbert 
C*-modulcs. The resulting C*-algebras On K are different from the above algebras 
Op . A C*-textile dynamical system provides a two-dimensional subshift and multi 
structure of Hilbert C*-bimodules that have multi right actions and multi left ac- 
tions and multi inner products. We call it a Hilbert C*-quad module denoted by 
H K . The C*-algebra which we will introduce in the present paper, is con- 

structed in a concrete way from the structure of the Hilbert C*-quad module T-L K by 
a two-dimensional analogue of Pimsner's construction from Hilbert C*-bimodulcs. 
It is generated by the quotient images of creation operators on two-dimensional ana- 
logue of Fock Hilbert module by module maps of compact operators. As a result, 
we will show the C*-algebra has a universal property subject to certain operator 
relations of generators. 

For a C*-textile dynamical system (A, p, T], E p , T, v , k), consider the set of quadru- 
plet of symbols 

E K = {cj = (a, b, a, p) G E p x £" x £" x E p | K (a, b) = (a, /?)}. (1.5) 



Each element of E K is regarded as a tile 



b of the associated two- 



dimensional subshift. Denote by O p and by O v the C*-algebras associated with the 
C*-symbolic dynamical systems (A, p, E p ) and (A,r],Y^ v ) respectively. Let S a ,a G 
E p and T a ,a G T, v be the generating partial isometries of O p and those of O v , 
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which satisfy (1.2) and (1.3) respectively. Denote by B p the C*-subalgebra of O p 
generated by elements S a xS^,a E E p ,x G A and by B v that of O v generated by 
elements T a xT*,a E Y^ v ,x e A respectively. The endomorphisms p a ,a G E p and 
r/ a , a G E 7 * on .4 extend to B p and to B,, as *-homomorphisms p a : B p — > A and 
rj a : B v — > A by 

p a (w) = S*wS a & A, we B p and rj a {z) = T*zT a E A, zeB,. 

(1.6) 

They also extend to B v and to £> p as endomorphisms on £>,, and r\ p a on £> p by 
= Yl T b p {rj a {z))TZ eB„, zeB„ (1.7) 

(a,fc,a,/3)e£ K 

^H = E S^M^eBp, ^e£ p . (1.8) 

a, 6,0 

For u E E re , put a projection E u = r]b(p a (l))(= pp(r] a (l)) E A. The vector space 

has a natural structure of a Hilbcrt C*-right ,4-modulc. In addition to the A- 
module structure, rl K has multi structure of Hilbert C*-bimodulcs, a Hilbcrt C*- 
bimodule structure over B p and a Hilbert C*-bimodulc structure over B v . We 
call it Hilbcrt C*-quad module over (A;B p ,Br,). We will construct a C*-algebra 
0-u K in a concrete way from the Hilbert C*-quad module H K by a two-dimensional 
analogue of Pimsner's construction of C*-algebras from Hilbcrt C*-bimodules. It 
is generated by two kinds of creation operators, the horizontal creation operators 
and the vertical creation operators, on two-dimensional analogue of Fock Hilbert 
module. Denote by l p : A c — > B p and l v : A ^ B v natural embeddings. We assume 
that the algebra A is commutative. The main result of the paper is the following 
theorem, which states that the algebraic structure of the algebra O-u^ is determined 
by the behavior of the *-homomorphisms p a ,rj a ,p^ and rj p . 

Theorem 1.1 (Theorem 5.17). For a C* -textile dynamical system (A, p, n, E p , E^, k), 
the C* -algebra 0-u K associated with the Hilbert C*-quad module H K is realized as 
the universal concrete C* -algebra generated by the operators z g B v ,w E B p and 
partial isometries u a ,a E E p ,v a ,a G E 7 * subject to the relations: 



M a M a Z = ZU a VL a , V a V Q Z = ZV a V a , 

Pa(w) = U>U tt , rj a (z) = V*ZV a , 

Pl( z ) = u>u a , rj p a {w) = v>v a , 

h(v) = L p(y) 

for w E B p , z E B n ,a E E p , a G YP,y E A. 

Thanks to the above theorem, simplicity condition of the C*-algebra 0-h k will 
be presented (Theorem 5.18). 
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Let A, B be two N x N matrices with entries in nonnegative integers. They 
yield directed graphs Ga — (V,Ea) and Gb = (V,Eb) with a common vertex 
set V = {v\, . . . ,vn} and edge sets Ea and Eb respectively, where the edge set 
Ea consist of A(i, j)-edges from the vertex Vi to the vertex Vj and Eb consist of 
B(i, j)-edgcs from the vertex V{ to the vertex vj. We then have two C*-symbolic 
dynamical systems (An, p A , Ea) and (An, P B ,Eb) with An = C w . Denote by 
s(e),r(e) the source vertex and the range vertex of an edge e. Put 

S AB = {(a, b) eE A xE B \ r(a) = s(b)}, 

Z BA = {(a, /3) eE B xE A \ r(a) = s(/3)}. 

Assume that the commutation relation 

AB = BA (1.10) 

holds. We may take a bijection n : Y^ AB — > T, BA such that s(a) = s(a), r(b) = r((3) 
for n(a, b) = (a, /3) which we fix. This situation is called an LR-textile sys- 
tem introduced by Nasu ([25]). We then have a C*-textile dynamical system 
(A N ,P A ,P B ,E A ,E B ,n)- We set 

Cl K = {(a, a) G Ea x E B \s(a) = s(a),n(a,b) = (a, (3) for some j3 G EA,b G E B } 

and define two \Q, K \ x £l K |-matrcies A K and B K with entries in {0, 1} by 

1 if there exists (3 G Ea such that n(a, b) = (a, /?), 
otherwise 



A K ((a,a),(S, b)) 
for (a, a), (S, b) G and 
B K ((a,a),(f3,d)) = r 



if there exists b G -Eb such that n(a, b) — (a, /3), 
otherwise 



for (a, a), (/3, d) G K respectively. Denote by H A ' B the associated Hilbert C*-quad 
module. 

Theorem 1.2 (Theorem 7.10). The C* -algebra O^a.b associated with the Hilbert 
C*-quad module H A ' B defined by commuting matrices A, B and a specification n is 
generated by two families of partial isometries S^a), T^a) for (a, a) G fl K satisfy- 
ing the relations: 

S (S,b) S *6,b) + T (P,d)T( Pid) = 1, 

(<5,&)en K 

T ( a ,a) T {a.a) = Y Bk ( °) ' ^' ^ ) ^OM) + T (P4) T (0,d) ) 

/or (a, a) G K . Hence the C* -algebra O^a.b is ^-isomorphic to the Cuntz-Krieger 

A K A K 
B K B K 



algebra Oh k for the matrix H K = 



The paper is organized as in the following way: In Section 2, we will state basic 
facts on the C*-symbolic dynamical systems and the C*-textile dynamical systems. 
In Section 3, we will introduce Hilbert C*-quad modules from C*-textile dynamical 



systems. In Section 4, we will introduce Fock Hilbert C*-quad modules which are 
two-dimensional analogue of Fock Hilbert C*-bimodules, and study creation oper- 
ators on the Fock Hilbert C*-quad modules. In Section 5, we will prove the main 
result stated as Theorem 1.1. In Section 6, we will state a relationship between the 
C*-algebras 0-u K and O pv so that the algebra 0% K is realized as a C*-subalgebra 
of the tensor product O pv (g> O2 in a natural way. In Section 7, we will study the 
C*-algebras arising from the Hilbert C*-quad modules of the C*-textile dynamical 
systems defined by commuting matrices and will prove Theorem 1.2. 

Throughout the paper, we will denote by Z + the set of nonnegative integers and 
by N the set of positive integers. 

2. C*-SYMBOLIC DYNAMICAL SYSTEMS AND C*-TEXTILE DYNAMICAL SYSTEMS 

In this section, we will briefly state basic facts on C*-symbolic dynamical systems 
and C*-textile dynamical systems. Throughout the section, E denotes a finite set 
with its discrete topology, that is called an alphabet. Each element of E is called a 
symbol. Let E z be the infinite product space Jliez wnere ^ = E, endowed with 
the product topology. The transformation a on E z given by <j((xi)i^z) = (xi+i)iez 
is called the full shift over E. Let A be a shift invariant closed subset of E z i.e. 
cr(A) = A. The topological dynamical system (A, ct|a) is called a two-sided subshift, 
written as A for brevity. Finite directed graphs present a class of subshifts called 
shifts of finite type. More generally, finite directed labeled graphs present a class 
of subshifts called sofic shifts. The author has introduced a notion of A-graph 
system as a generalization of finite labeled graphs. The A-graph systems present 
all the subshifts. Furthermore, the author has introduced a notion of C*-symbolic 
dynamical system which generalize A-graph systems and automorphisms of unital 
C*-algebras. C*-symbolic dynamical systems may be presentation of subshifts to 
C*-algebras. 

Let A be a unital C*-algebra. In what follows, an endomorphism of A means a 
*-endomorphism of A that does not necessarily preserve the unit I.4 of A. The unit 
1.4 is denoted by 1 unless we specify. Denote by Zjs, the center of A. Let p a , a G E 
be a finite family of cndomorphisms of A indexed by symbols of a finite set E. 
We assume that p a {ZX) C Z^,a G E. The family p a ,a G E of cndomorphisms 
of A is said to be essential if p Q (l) ^ for all a G S and J2 a p a {^-) > 1- It is 
said to be faithful if for any nonzero x G A there exists a symbol a G E such 
that p a (x) 7^ 0. A C*-symbolic dynamical system is a triplet (A, p, E) consisting 
of a unital C*-algebra A and an essential and faithful finite family {p a } a eT, of 
cndomorphisms of A. In [19], [21], [22], we have defined a C*-symbolic dynamical 
system in a less restrictive way than the above definition. In stead of the above 
condition X^esPaW ^ 1 with p a (Z^) C Z^,a G E, we have used the condition 
in the papers that the closed ideal generated by p a (l),a G E coincides with A. 
All of the examples appeared in the papers [19], [21], [22] satisfy the condition 
Saes Pa(l) — 1 with p a (ZX) C Zj,, a G E, and all discussions in the papers well 
work under the new defition. 

A C*-symbolic dynamical system (A, p, E) yields a subshift A p over S such that 
a word ot\ ■ ■ ■ a.k of E is admissible for A p if and only if (p ak o • • • o p ai )(l) ^ ([19, 
Proposition 2.1]). Denote by Bk(A p ) the set of admissible words of A p with length 
k. Put B*(A p ) = U^ i?fc(Ap), where B {K p ) consists of the empty word. The C*- 
algebra O p associated with (A, p, E) has been originally constructed in [19] from 
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an associated Hilbert C*-bimodule (cf. [31], [11] etc.). It is realized as a universal 
C*-algebra C*(x,S a ;x G A, a G E) generated by x G A and partial isometries 
S„,aeE subject to the following relations called (p): 

y ' SpSp = 1, xS a S a = S a S a x, S a xS a — p a (x) 

/3GS 

for all a; G „4 and a G E. The C*-algebra O p is a generalization of the C*-algebra 
0£ associated with the A-graph system £ (cf. [17]). 

Let (A, p, rj, E p , E 71 , k) be a C* -textile dynamical system. It consists of two 
C*-symbolic dynamical systems (A, p, E p ) and (A, rj, E 7 *) with common unital C*- 
algebra A and commutation relations between their endomorphisms p a , a G E p and 
?7 a ,a G E 7 * through a bijection n satisfying (1.1). Let S a ,a G E p and T a ,a G E 7 * 
be the generating partial isometries of O p and of O v , which satisy (1.2) and (1.3) 
respectively. We set two C* -algebras 

B p = C*{S a xS* a : a G E p , x G .4), B„ = C*{T a xT* : a G a; G 4). 

They are realized concretely as subalgebras of O p and of O v respectively. Both the 
algebras B p and B v contain the algebra A through the identification 

x = S aPa (x)S* = T aVa(x)T:, X G A. (2.1) 

We put the projections 

Pa = Pa(l) for a G E p , Q a - 7y a (l) for a G S". 
Elements w G B p and z <E B^ are uniquely written as in the following way: 

w = ^ S'aWaS'* with w Q = P a w a P a £ A, a £ E p , (2.2) 

z = ^ T a z a T a * with z a = Q a z a Q a G A a G E". (2.3) 

Define an alphabet set E K as in (1.5). For lo — (a, b, a, /3) G E K , we set 

a = i(w)GE p , 6 = r(w)GE", a = J(w) G E", /3 = 6(w) G E p , 
which stand for: top, right, left, bottom respectively as in the following figure. 

a— t(ui) 

■ ■ 

a— ^b-r(ui) 

■ > ■ 

P=b(u) 

Define *-homomorphisms p a : B p — > A for a G E p and rf a : B v — ► A for a G E 7 ' 
by (1.6) which satisfy the equalities 

p a (w) = P a w a P a and rj a (z) = Q a z a Q a 

for w — J2f3e^p SfjWpSp G B p as in (2.2) and z = ^be'S" TbZbTj* G B v as in (2.3). 
Their restrictions to A coincide with p a and rj a respectively. 

Lemma 2.1. i-sTeep i/ie a&ove notations. 
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(i) For a eS p and z = J2be^ T b z bT b E B v as in (2.3), put 

= E T bP p(z a )T b * e B v . (2.4) 

b,a,/3 
(a,M,/3)e£ K 

Then p^ ■ B n — > B n is a *-homomorphism such that p^(y) = p a (y) for 
ye A. 

(ii) For a E IT 1 and w = X^^gsp SpWpSp E B p as in (2.2), put 

V p a H = E S f3Vb (w a )S;EB p . (2.5) 

a,b,f3 
(a,b,a,,/3)eS K 

Then rj? : B p — > B p is a *-homomorphism such that r}£(y) = n a (y) for 
ye A. 

Proof, (i) Since z a = Va(z), the equality (2.4) goes to 

b,aji 
(a,b,a,(3)eY. K 

as in (1.7). It is easy to see that p^ a : B ri — > B v yields a *-homomorphism. If in 
particular z = y G A, we have y = X^esi T b rj b (y)T b * so that 

P n a {y)= E T h p fj ( Va (y))T b * = E T bVb (p a (y))T,; = Pa (y). 

b,a,P a,b,/3 
(a,6,o,j3)eE« (a,b,a,0)eS K 

(ii) is similar to (i). □ 

The commutation relations (1.1) on A extend to B p and to B v as in the following 
lemma. 

Lemma 2.2. For lj = (a, b, a, /3) E S K , we have 

(i) Vb ° Pa{w) = Pp° Va( w ) f or w G B p . 

(ii) pp o fj a (z) = rj b opg(z) for z E B v . 

Proof, (i) Forw = J2 a 'eT,p S a >w a 'S^, as in (2.2), we have SpjP{w)Sp = SpSpr) b (w a )SpSp 
so that by (1.1) 

p fj or)P(w) = Pf}ri b {w a )Pp 

= Pf3(l)Vb{p a (l))vb{w a )vb(p a {l))pf3{l) 

= Vb(Pa(l)w a p a (l)) = 1] b {p a {w)). 

(ii) is similar to (i). □ 

3. HlLBERT C*-QUAD MODULES FROM C*-TEXTILE DYNAMICAL SYSTEMS 

We fix a C*-textile dynamical system (A, p, i], S p , E^, n). For lj = (a, b, a, j3) E 
S K , we put a projection 

E u = Vb(Pa(m= Pp(Va(l)) G Z A . (3.1) 
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Let e w ,w G S K denote the orthogonal basis of the vector space C' Ek where |S re | 
means the cardinal number of the finite set E K . Define the vector space 

which is naturally isomorphic to the vector space X^es ® E U A. 

We first endow TL K with right „4-module structure and .A- valued inner product 
as follows: For £ = E we s K e " ® E ^x u ,C = E w 'eE„ ® with ^w, </ G -4 

and t/£^4, set 

(C I Oa := E <^ G ^ 
which satisfy the relations: 

(z\?<PA{v)u = {t\eu-v, (t\OA = (aoA. 

We will further endow % K with two other Hilbert C*-bimodulc structure. Such a 
system will be called a Hilbert C*-quad module. Let £ = 5Z ueS e w ® E^x^,^' — 
XL'es K e "' ® e ^« witn Ew,a;L' G A, and to = X^'gep S a >w a >S* a , £ B p as 

in (2.2)" z = £a'e£" T a ,z a ,T*, € fi,, as in (2.3). We define 

1. The right Bp-action </? p and the right i^-action 93^: 

:= E e w <g> E u x u w b ( u ), €<P v (z) ■= Y e " E u x " z r(w)- 

2. The left £> p -action (j) p and the left i^-action (f> v : 

<t>p(w)£--= Y e w <g>-E w »7r( w )(wt(«)):Eu;, ^(z)£:= ^ e w <g> £ w p 6(w) (^ (w) )a; w . 

3. The right f^- valued inner product (-\-) p and the right B^-valucd inner product 
(•!•),: 

(£lOp : = Y S b(") X t E " X l S b(")' (t\?)v ~ Y T r(^) X l E ^ X 'J r r{^y 

The following lemma is straightforward. 

Lemma 3.1. For £ e H K and w, w' e Bp, z, z' <E we Ziawe 

(^p(w))(p p (w') = £ip p (ww'), {&ri(z))iPri(z') = & v (zz'), 

<Pp{w){(j)p{w')C) = 4> p (ww'% (j) n {z) {(f)r, (z')0 = <t>r,{zz% 

<t>p{w)(&p{w')) = {<j>p{w)(,)Vp{w'), (f> v (z){^r,(z')) = (<l> v (z)£)tp v (z'). 

Lemma 3.2. For G % K and w € £? p; z G we ftowe 

(£ I £VpH)p - (C I Op ' «>, I ?<Pr,{z))r, = (£ I • Z, 

(^H 1 e')p = w*-(t\ Op, 1 e% = z* • ^ 1 o,, 

(^He 1 e')p = (e 1 0pK)c')p, 1 e% - (e 1 
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Proof. We will show the equalities 

<£ I ?<p p M)p = I Op • ^ (M«>)Z I Op - (£ I M^)Op- 

For £ = X^ eS(c e u <g> E u x u ,£' = Z) W '€E„ e "' ® ^'^L' e K K with e -A, and 

w = X) 7 esi S-yW-yS* S as in (2.2), we have 

(£ I CVp(w)) p = ^ (e w <g) | e w < ® E u ,x' u ,w b ^)) p 

We also have 

(M W )Z I Op = H (0 P (S' 7 w 7 S';)(e w ® £ w a; w ) | <v ® E u ,x' u ,) p 

= X (e w ® £ w a; w | e u > ® E^^^wl^^x'^,) p 

= I M^)O p - 

The three equalities of the right hand side are similarly shown to the above equal- 
ities. □ 

Hence we have 

(f) p {w*) — 4> p {w)* : the adjoint with respect to the inner product (• | -) p , 
(f> v (z*) — <j>n{z)* ■ the adjoint with respect to the inner product (• | -) n . 

The following lemma is direct and shows that the two module structure are com- 
patible to each other. 

Lemma 3.3. For w e B p , z e B v and £ 6 H K , we have 

(i) ((f> p (w)0<Pr,{z) = <t>p(w)(&r,(z))- 

(ii) (<j) v (z)£,)if p (w) = <j) v (z)(£Lp p (w)). 
Then we have the following proposition 

Proposition 3.4. Keep the above notations. 

(i) CH K , ipp) is a right B p -module with right B p -valued inner product (■ \ -) p and 
left B p -action by <p p . Hence H. K is a Hilbert C* -bimodule over B p . 

(ii) (H K ,ipri) is a right B v -module with right B v -valued inner product (■ | -) r) 
and left B v -action by (j) n . Hence H K is a Hilbert C* -bimodule over B v . 
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Therefore H K has multi structure of Hilbert C* -bimodules, which are compatible to 
each other. 

H K is originally a Hilbert C*-right module over A, which is also compatible to 
the two left actions <p p of B p and <j> v of B v as in the following lemma. Its proof is 
straightforward. 

Lemma 3.5. For £ e H K and y e A, we have 

(i) <j>p{w)(£<p A (y)) = (<f>p{w)£)<p A (y) for w G B p . 

(ii) 4> v (z)(£Lp A (y)) = {<l> v (z)t)(pA{v) for z G B v . 
Hence both (j> v (z) and 4> p (w) are right A-module maps. 

Define positive maps if) p : A — > B p and ip v : A — > B v by 

My) = E s «y s * e B *> My) = E T a yT* e b v (3.3) 

for y G A. Then we have 

Lemma 3.6. For £ e % K and y e .4, we /iat>e 

(i) & P (wi/> p (y)) = i&pM^Aiy) for w G Bp. 

(ii) & v (zil> v {y)) = (&v( z ))<PAv) f° r z e B v 
Hence we have 

&p(i> P (.y)) = tevii'viy)) = &A(y)- 

Proof, (i) For £ = e u ®E u x u G H K with z w G „4, and io = E Q ' eS p S a ,w a 'S*, G 

B p as in (2.2), we have 

WV>(2/) = E S <*' w a'Sa> E S P'V S P' = E S a'W a >yS* a , 

a'eT.p f)'eT.p o'esp 

so that 

£,(fp(wtp p (y)) = E e " ® K>£ 

= E [(e«® £ wX w )VpM]^(!/) = [& P (w)]<PA(y)- 

(ii) is similar to (i). □ 
Lemma 3.7. For y £ A and £ e we /la-ue 4> p (y)£, — <fii{y)£. 

Proof. Since the identities y = Y, a & S aPa(y)S* a = Eaes-j T aVa{y)T* hold, we 
have for £ = ][] weSjc e " ® ^w^w with x w G .4, 

<t>p(y)t= E e " E ^r{uj){Pt{u){y))Xu>. 

On the other hand, we have 

<My)£= E e " E ^Pb(^)(m(u)(y)) x ^- 

As Vr(w){Pt(w)(y)) = Pb(u){Vl(u){y)), wc obtain the desired equality. □ 
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By the above lemma, we may define the left action <j> of A on H K by 

<t>(v)S ■■= Mv)t = Mv)S> yeA,teH K 

so that rl K has a structure of a Hilbert C*-bimodule over A. We note the following 
lemma. 

Lemma 3.8. If the algebra A is commutative, we have 

<t> p (w)(t> v (z) = cj) v (z)(j) p (w), w eB p ,ze B v . 

Proof. For w = S ae sp S aW a S* as in (2.2), z = X) 'esi T aZ a T* as in (2.3) and 
£ = J2ues K e " ® with x w e .A, we have 



= X! C " £ 'w)'(.(u.)(Zi(w))')r( U )(«'t( W ))a;a 



= <f> v {z)<f>p{w)e,. 



□ 



Put for aeffandae 

Lemma 3.9. Keep the above notations. 

(i) {u a } ae zp forms an essential orthogonal finite basis of H K with respect to 
the B n -valued inner product {■ \ ■)„ as right B v -module through ip„. 

(ii) {v a } ae ^ v forms an essential orthogonal finite basis of H K with respect to 
the B p -valued inner product (■ \ ■) p as right B p -module through ip p . 

Proof, (i) For a, (3 G S p , we have 

(u a \up) v = ( ^ e L0 ®E t0 \ ^2 e u > ® E^) v 

u£E«,a=((u) w'£E„,/3=t(w') 

= fE we s K , Q =t( w )( e " ® ^ I e w O^)r, if a = 0, 

Since 

= X T'r(w)7 1 r *( a j)Pa(l)7 1 r(w)T , *( w ) = P Q , 

we see 

P a if a = f3, 



(u a | up) v 

Hence we have 



if a =£[3. 

X («a I Ua) v = Pg > 1- 
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F° r £ = Z)«eE e " ® S "H K with G A, we have 

It then follows that 

X ^ £ '«)^( T r(w')- E '"' a; "' T r(u,')) 

w,w'e£ re ,a=t(w)=t(w') 

= X e w (8) 

weS^ ,a=t(w) 

so that 

(ii) is similar to (i). □ 
As (u a \u a ) n ~ P a and (u a | v a ) p = Q a , we note that the equality 

Vb{(u a | U a ),) = P/3((«a I «a)p) = 

holds for cj = (a, 6, a, /3) G X K . 

Lemma 3.10. For a G neS 11 and y € A, we have 

(i) 4>{y)u a = u a ip v (p a (y)) and hence p a (y) = (u a \ (f>{y)u a ) v . 

(ii) (f>(y)v a = v a <p p (r}a(y)) and hence n a (y) = (v a \ <j)(y)v a ) p . 
Therefore the commutation relations (1.1) are rephrased as the equality 

(vb I 4>{{u a | <j>{y)u a )r,)v b ) p = (up | cj)((v a | 0(yH}pW).j (3-4) 

for uj — (a, b, a, (3) G S K and y G .4. 

Proof, (i) It follows that 

<t>(y)u a = (f>r,{y)u a = <t>r,{ T *'Va{y)T*,)( ^ e u <g> E u ) 

wGS re ,a=t(w) 

CJGS K ,Q: — £(w) 

= X I(e«®^WE W(Pa(y))Tp)] 
= u a ip n (p a (y)). 

It then follows that 

(«a I <t>(y)Ua)r, = ("a I U a (f v (p a (y))} v = (u a \ U a ) n ■ p a (y) = p a (y). 

(ii) is similar to (i). □ 
More generally we have 

Lemma 3.11. For a G T, p , aeS" 1 and w G B p , z G B n , we have 
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(i) <j) p {w)u a = u a ipr,((u a I (f> p (w)u a ) v ), <j>p(w)v a = v a ip p ((v a I <pp{w)v a )p). 

(ii) 4>. n {z)u a = u a tp. n ({u a | <p v (z)u a ) v ), <t> v (z)v a = v a tp p ({v a \ <f> v (z)v a } p ). 

Proof, (i) For £ G % K , we have £ = J2 a 'e^p u a"^-q{{u a ' \ Ov)- For a ^ a', we have 
(u a | 4>p(w)u a i)ri = so that 

<p p (w)u a = ^ u a ,ip v ((u a > | (f>p(w)u a ) v ) = u a ip v ((u a | <p p (w)u a ) v ). 
Similarly for a 7^ a', we have {v a i \ 4> p {w)v a ) p = so that 

4>p{w)Va = V a ,( Pp(( V 'a I <t>p{w)v a ) p) = *Wp(>a | <t>p{w)v a ) p). 

(ii) is similar to (i). □ 

The following lemma states that the *-homomorphisms p a , r\ p a on B p and fj a , p^, on 
B v are given by inner products. 

Lemma 3.12. For a G S p , neS 1 and u> G Bp, z G £> r) , we /lave 

(i) p a (w) = (u a I 4> p (w)u a ) n , f) a {z) = (v a I (pn(z)v a ) p . 

(ii) /5^(z) = (u Q I 4>r,{z)u a )r„ fjP(w) = {v a I (t>p{w)v a ) p . 

Proof, (i) For w = X)a'e£" S a >w a iS* al G £> p as in (2.2), we have 

<pp(w)u a = Y e " ® E u>Vr(w)(Wa) 
,t(u)) — a 

so that 

(u a I (j> p (w)u a ) v = ( Y e u/ ®E u ,\ Y e u ^> E u ,rj r .^(w a )) v 

= X! r r(tJ )£; tJ ?7 r ( W )(w Q )r* (w) 

wGSk ,t(w)=a 

T 6 T b w a T b T b 

b 

(a,b)e^ pv 

= T h T h *S* a S a w a S* a S a T h T£ = P a w a P a = p a (w). 

The other equality for fj a (z) is similarly shown to the above equalities, 
(ii) For z = ^ aeS , T a z a T* G B v as in (2.3), we have 

w£S K) t(w)=Q 

so that 

(M Q I ^,(zK>, = T r(a,)P6( W )(^(«)) T rV) = 

The other equality for rj^(w) is similarly shown to the above equalities. □ 

We will next study the norms on H K induced by the two inner products (• | 
and (• I -) p 

Lemma 3.13. For £ = XLes e " ® ^w^w G with G ,A, we have 

(i) HtelOJ 
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(ii) IKS I Ofjll = max bes „ || £ QeEP *Z,b x <*,b\l 
where E^x^ = x a ,b = x a ,p for lj = (a, b, a, j3) e S re . 

Proof, (i) We have 

IKS I OpII = II E S H<») X 

= II E S P X Z,P X a,P S fl\\ 
= II E "VE ^a^^a,^)^!! 

= max||S>(^ x* a/3 x aJ )S* \\. 
Since x a ^ = x aj pPp, we have for /3 G S p 

H3f»(E <fi x *,e) s p\\ ^ II E <^n < II E ^</j*«,^II 

one has 

II^E X *a,0 X »,0) S pW = II E ^a./S^II- 

Therefore we have 

IKS I Op II = 5^11 E X l,P X ^P\V 
o€S" 

(ii) is similar to (i). □ 
Define positive maps A p : £> p — > A and A I( : B v — > A by 

x p( w ) = E w e s p> = E z e 

aGSP a£Ei (3.5) 

Then we have for £, £' G % K 

(SIS'U = A,«SIS%) = (3.6) 

Put C p = ||A P (1)||,C„ = ||A I( (1)||. As A p (l) = EaesPp^l) > 1, one sees C p > 1 
and similarly C v > 1. Define the three norms for £ 6 "H K 

IISIUHKSISUII*, IISIIpHKSISU 1 , HSIk = IKSIS>#- (3-7) 

Lemma 3.14. The following inequalities hold for £ G H K : 

IISIIp < IISIU < C< P %|| P and U\\„< M\\a<C*U\\v 
Hence the three norms \\£,\\a, IISIU, HSIItj are equivalent to each other. 

Proof. For £ = XLes^ e " ® ^w^w G H K with a; w G .A, where 
for a; = (a, 6, a, (3) G S K , we have 



IKS I S)p II = max || ^ ^^a./sll- 



/3GEP 



We then have 

iisiu = iks i sun* = ii E *>«n 4 = ii E E <^n*- 
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Since 

|| X a,P x aA ^ li H H x *a,P x a,f)h 

we have 

lite <II£IU- 

On the other hand, by the equality (£ | £}a = A p ((£ | we have 

lite 1 0^11 < l|A P ||||te I OpII = l|A P (i)|||K€ I OpW = CM 1 0,11- 

Therefore we have 

U\\ P < U\U < C) \\i\\ p and similarly ||C||, < ||£|U < Q U\\ v . 



□ 



4. FOCK HlLBERT C*-QUAD MODULES AND CREATION OPERATORS 

In this section, we will consider relative tensor products of Hilbert C*-quad mod- 
ules and introduce Fock space of Hilbert C*-quad modules which is two-dimensional 
analogue of Fock space of Hilbert C*-bimodules. The Hilbert C*-module H K is orig- 
inally a Hilbert C* -right module {Ji K ,(pj) 

over A with A- valued inner product (• | -)_4. It has two other multi structure 
of Hilbert C*-bimodules. The Hilbert C*-bimodule (<p p , / H K ,(p p ) over B p and the 
Hilbert C*-bimodule {<j> v , "H K , <p v ) over B v . This situation is written as in the figure: 

Bp 



B n H K B ri 

There exist faithful completely positive maps A p : B p — > A and A,, : B v — > A 
satisfying (3.6) so that the three norms induced by their respect inner proucts 
(• I -)a, (• I ■)/>, (■ I •)>) are equivalent to each other. The Hilbert C*-right module 
pa) over A with multi structure of Hilbert C*-bimodules (<p p , H Kl ip p ) over B p 
and {§ni7~Ln-,(Pr\) over B n is called a Hilbert C*-quad module over (A; B p , B n ). Wc 
will define two kinds of relative tensor products 

H K ®t) H Kl TL k 'Sip "H K 

as Hilbert C*-quad modules over (A]B p ,B n ). The latter one should be written 
vertically as 

7~L K 

® p 

rather than horizontally H K <£> p H K . The first relative tensor product is defined as 

W K ® v U K := H K ®B n H K 
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the relative tensor product as Hilbert C* -modules over B v , the left H K is a right 
B^-module through ip n and the right H K is a left Z^-module through <p v . It has a 
right £> p -valued inner product and a right S^-valued inner product defined by 

<£®„CI£' ®„ CV= <C I I £%)C%. 

<£®„C|£' ®„ Or, := (C I <M(£ | f%K')u 

respectively. It has two right actions, id ® </? p from Z? p and id © tp v from S,,. It also 
has two left actions, <fi p ® id from £? p and <f> v <g> id from £>,,. By these operations 
"H K ®rj H K is a Hilbert C*-bimodule over £> p and also is a Hilbert C*-bimodule over 
£>,;. It also has a right A- valued inner product defined by 

®„ C I £' ®„ C% := A„((£ ®„ C%)(= A„«£ ®„ C I ®„ C%)) 

and a right 4-action id©<p.4 and a left „4-action (/>©id. By these structure H K ® V H K 
is a Hilbert C*-quad module over (.4; B p , B n ). 

B rj — > "H K ©^ % K f B^ 

#P 

We denote the above operations </> p ©id, <^£g)id, id®</9 p , id®^ still by <f> p , <j> v ,ip p , ip v 
respectively. Similarly we consider the other relative tensor product defined by 

H K <E) P H K := H K ® Bp W K 

the relative tensor product as Hilbert C*-modulcs over B pi the left H K is a right 
£> p -module through ip p and the right H K is a left £> p -module through <f> p . By sym- 
metrically to the above, H K © p H K is a Hilbert C*-quad module over (A]B P ,B V ). 
The following lemma is routine. 

Lemma 4.1. Let Hi = H K ,i = 1,2,3. The correspondences 

(Cl ®r, 6) ®P & G (Hi ® rj W 2 ) ®p ^3 — > 6 Or, (6 ® P &) G Wl ®r, («2 ® P « 3 ), 
(6 ®P 6) ®r, 6 G (Hi ® p W 2 ) ®r, %3 — ► 6 ®P (6 Or, &) G ^1 ®P ®„ H S ) 

yield isomorphisms of Hilbert C* -quad modules respectively. 

We write the isomorphism class of the former Hilbert C*-quad modules as Hi 
Hi ® p H3 and that of the latter ones as Hi ® p Hi ®n H3 respectively. 

We note that the direct sum B V (BB P has a structure of a Hilbert C*-quad module 
by the following operations: For 61 © 62, b[ © b' 2 G B v © B P and y G „4, set 

(61 © & 2 )<AA(y) := &i^r,(y) © feV>p(y) &B n ® B p , 

(h © 6 2 I b[ © 6 2 }^ := X v (btb[) + \ p (b*b' 2 ) g A 

It is direct to see 

(61 © b 2 I © b' 2 )tp A (y)) A = (h © b 2 I 6; © 6 2 )^ • y 

so that Sr, © B p is a Hilbert C*-right module over A. Its Hilbert C*-bimodule 
structure over B p and over B v are defined as follows: For w G B p , z G S,,, set 
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1. The right Bp-action ip p and the right £>,,-action ip v : 

(&i © b 2 )(p p (w) = b 2 w, (61 © b 2 )ip v (z) = hz. 

2. The left fraction <p p and the left i^-action (f) v : 

<t>p{w){b\ © b 2 ) = wb 2 , <t>r,{z)(bi © b 2 ) = zb x . 

3. The right S p -valued inner product (-|-) p and the right B^-valued inner product 
(■!•>,: 

(61 © b 2 I b[ © b' 2 ) p = blb[ G Bp, (h © 6 2 I 6; © b' 2 ) n = b* 2 b' 2 G B v . 

Let us define the Fock Hilbert C*-quad module as a two-dimensional analogue of 
the Fock space of Hilbert C*-bimodules. Put T n = {(tti, ■ ■ ■ , 7r„)) | 7Tj = r],p},n = 
1,2,.... We set 

F (k) =B v @B p , F 1 {k)=H k , 

F 2 {k) = {H K ®„ n K ) © («„ © p 

F 3 (k) = (H K ©„ % K <g>„ H K ) © {H K ®„ H K <Ei p H K ) 

© (H K © p w« ® v n K ) © (h k © p n K ©p 



^n(K) = ®(7T1,- .TTn-lJir,-!^ ®7Tl W„ ®7T 2 " " " ®1T n _l 



as Hilbert C*-quad modules. We will define the Fock Hilbert C*-quad module F K 
by setting 

F K := ©5f =0 F n («) 

which is the completion of the algebraic direct sum ©5£L .F„(k) of the Hilbert C*- 
quad modules under the norm on ©$JL -^n( K ) induced by the .4-valued inner 
product (• I -).4 on F n (n). The Hilbert C*-quad modules F n (n),n = 0,1,... and 
hence the algebraic direct sum ®^ =0 F n (K) have also both £? p -valued inner products 
and ^-valued inner products. As in Lemma 3.14, both of the two norms ||£|| p and 
|| £||,, induced by the inner products are equivalent to the norm ||£||^. 
For £ G H K we define operators and from Fq(k) to F\(k) by 

s 6 (bi © b 2 ) = fanih), t 6 {b! © b 2 ) = & p (b 2 ) 

for 61 © b 2 G B v © B p . 

Lemma 4.2. 

(i) is a right B v -module map from F (k) to Fi(k). 

(ii) t$ is a right B p -module map from Fq(k) to Fi(k). 

(iii) Both the maps s^,t^ : F (k) — ► ^i(«0 are right A-module maps. 

Proof. For b\ © b 2 G B n © B p and z £ B v , we have 

S|((6i © b 2 )ip n (z)) = sz(biz) = £ip v {biz) = {s((bi © b 2 ))ip v (z). 

Hence is a right ,8,,-module map and similarly t% is a right Z? p -module map. For 
y G A, by Lemma 3.6, we have 

S?(0l © &2)<AA(2/)) = &T,(bli>r,(y)) = {&r,(bl))<PA(y) = 0#1 © MW^)- 

Hence S{ and similarly are right „4-module maps. □ 
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For £ G denote by s|,i| : Fi(k) — > F (n) the adjoints of s^,t^ : F (n) — > 
Fi(k) with respect to the right A- valued inner products. 

Lemma 4.3. For G we /iaue 

(i) ^^{^O^OmB.eB,. 

(ii) qe = 0®(£\e) p inB v ®B p . 

Proof. ¥or b\ @ b 2 & B v ® B p , we have 

(h®b2\slZ') A =(fr r ,(b 1 )\OA 
= A t) (& 1 (Cl£%) 
= A J) «& 1 e& 2 | (CIO^O),) 
= (61 ® M (£ I © 0}^ 

so that s|£' = (£ I © 0- 

(ii) is similar to (i). □ 

For £ <E H K and £1 ® Xl • • • <E> 7Tn _ 1 £„ G F„(k) with (7Ti, . . . ,7r„_i) G r„_i, set 

' • • Ott^x &») = £ Or, £l Ox! • • • Cn, (4.1) 

® W1 • • • ^TTn-! Cn) = ^ Op 6 OtT! • • • ® ffn _x Cn ■ (4.2) 

The following lemma is direct. 

Lemma 4.4. For £ G H K and n = 1, 2, . . . , we have 

(i) is a ri<j/i£ B v -module map from F n (n) to F n+ i(K). 

(ii) is a right B p -module map from F n (n) to F n+ i(n). 

(iii) Both the maps s^,t^ : F n (n) — ► F n+ i{n) are right A-module maps. 

Denote by s| , t| : F n+ i{n) — > F n (n) the adjoints of s^,t^ : F n (n) — > F n+ i{n) 
with respect to the right .A-valued inner products. 



(i) s|(£iO Tl 60 T2 ---0 7T n Cn+l) 

(h) ^(ClO^^O^- ■•0 7rn £n+l) 



Lemma 4.5. For £ G % K and £1 ® Tl £2 ®tt 2 1 1 ' ®u„ £n+i € F„ + i(k) 7 we /mue 

I <M(£ I Ci)tj)^2 ®w 2 ■ * • ®tt„ Cn+1 if TTl = T], 

[0 ifm=p, 

<M(£ Cl)p)6 OtT 2 ■ • ■ ®7T„ Cn+1 «/ TTl = P, 

ifm = r), 

Proof, (i) Let 7 = 77 or p. For £1 <E)g 1 C2 ®« 2 • • • ®e„_! Cn S F„(k), we have 

(Cl ®0i C2 Oe 2 ' • • ®e„_! Cn I S|(£l Ovn £2 ®tt 2 ■ • • ®ir„ Cn+l)) 7 
= ( s «(Cl ®0i C2 ®6 2 ■ ■ ■ Oe„_! Cn) I £l Otti 6 ®tt 2 • • • ®tt„ Cn+l) 7 
= (C On Cl ®0i C2 Oe 2 • • • ®e„_! Cn) I Cl ®m 6 ®tt 2 • • • ®tt„ Cn+l} 7 

f (Cl ®0i C2 ®e 2 ■ •• ®e„_i Cn) I <M(C I Cl)r,)6 ®77 2 • •• ®tt„ Cn+l) 7 if Tl = V, 
~[0 if 7Tl = p. 

Hence the desired formulae hold with respect to the inner products (• | •)«,(• | -) p 
and hence to the ^4-valued inner product (• | -)_a. because of the equality 

(■\-)a = \((-\-)v) = K((-\-)p)- 

□ 
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We have shown in the proof of the above lemma that the adjoints of Sf,t| : 
F n (n) — > F n+ i(n) with respect to the other two inner products (• | -) v , (■ \ -) p 
have the same fom as above. We denote by <p p , (p n , 4> p , ^ the right B p -action, the 
right B^-action, the left £> p -action, the left B^-action on F n (n) and hence on F K 
respectively. The left actions (f> p of B p and 4> v of B v satisfy the following equalities 

<j> p (w)(bi © b 2 ) = wb 2 , <f> v (z){bi © b 2 ) = zbi, 

4> P (W)(£1 6 ®7T 2 • • • ^n-! 60 = (0 P (w)Cl) ® Wl 6 ®7T 2 ■ ■ ■ fn), 

<j> v {z)(£l ® Wl 6 <8>7r 2 • • ■ ® Wn _! 60 = (<M 2 )6) ®Wl 6 <8>tt 2 • • ■ 60 

for w e B p , z e B ?) 6i © o 2 G B„ © B p and & ® 7ri £2 (»„■•■ ® 7r „_ 1 G F n (n). The 
following lemma is direct. 

Lemma 4.6. for w e B p , z £ B,, 7 we /icwe /or n = 0, 1, . . . 

(i) (f> p (w) is a right B p -module map from F n (n) to F n {n). 

(ii) 4> v {z) is a right B v -module map from F n (n) to F n (n). 

(hi) Both the maps <ft p (w), $ v (z) are right A-module maps on F K . 

Lemma 4.7. For £ e T-L K , w e B p , z <E B n , we have 

(i) k<p P (w) = h<t>_ P (w) and hence t £ = J2aew tv a 4>p{{v a \ Op)- 

(ii) = s^O) and Aence s ? = E QeS p S «>-)(( M « I On)- 

Proof, (i) We have 

t£ Vp (w)(£l OtTj 6 ®7T 2 • • • ®7T„_ 1 60 = (,f P (w) ®p 6 ®7Tl 6 ®7T 2 " " " ®7T n _ 1 ffl 

= £ ® P (0 P (W)6) ®Wl 6 ® W2 • • ■ ®7r„_i 6i 

= (h4> P ( w ))& 6 ®tt 2 • • • ® Wn _! 60- 

(ii) is similar to (i). □ 

By Lemma 3.6, we have ^(^(y)) = V 3 p(V'p(j/)) = VAiv) f° r !/ £ A the above 
lemma implies the equalities: 

^wb) = H4>p{^p{y)) and = H4>v{^v{y)) for y G A 

(4.3) 

The following lemma is immediate. 

Lemma 4.8. For £ e % K , w G B p , z G B,, ; we have 

(i) p (w)s 5 = s^ (w)£ and 4> p {w)t^ = t^ p[w)i . 

(ii) = s^ (z)£ and <£„(z)i 4 = fy„ W £. 

We set 

s Q = s Ua for a e S p and i = t„ o for a G XT'. (4.4) 
By Lemma 4.7, we have for £ 6 % K 

= S a 4> v ((u a | 6))), k = ta<t>p({v a | Op)- ( 4 -5) 
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Let P n be the projection on F K onto F n (n) for n = 0,1, We also define two 

projections on F K by 

oo 

P p = The projection onto ^ ^ H K ® v H K ® V1 H K ® V2 • • • ®„.„ H K , 

n=i (7ri,--- ,u-„)er„ 

oo 

_P I( = The projection onto ^ ^ H K ® p (g)^ H K ®n 2 • ■ • ®n n Uk- 

n=i 7n,--- ,Tr„er„ 

Lemma 4.9. Keep the above notations. 

s « s « = P\+Pp and = A + fr,- 

i/ence 

2 ^ t a t* a + P = l FK +P 1 . (4.6) 

Proof. For £i (g),^ £ 2 <8>7r 2 ' 1 ' ®tt„_i 6 £ F n (n) with 2 < n G N, we have 

_ ["ft ®r) ^((Wft | 6)77)6 ®7T 2 • ■ • ®7T„_! 6) if ""1 = >7, 

[0 if7Ti=p. 

As u Q <g) v <p v ((u a I ^1)77)6 = u a Lp v ((u a I £1),,) £ 2 and ]Cae£p u a tp v ((u a | £1),,) = 
(1, we have 

E s«<(6 6 ■ ■ ■ ^ 6) = ( I 1 ®" 6 *-> • ■ ' ^ * ^ = * ? ' 

1° if7r 1=P . 

Hence we have 



s « s ai©^ =2 -F„(K) - -ppi©~ =2 F„(K)- 



For £ G F 1 (k) = n K , we have s a s*£ = s a ((w Q | Or, © °) = u a (Pr,{(u a | 677) so that 

E SqS "^ = X! U a lfir,((u a I 677) = £• 

Hence we have 

E S « S al^i(K) = 1 F 1 (k)- 

As s Q s* (61 8 6 2 ) = for 61 © b 2 G ffi B p , we have 

E S " S «I^o(k) = °- 

Therefore we conclude that 

~y] SftS* = P p + Pi and similarly ^ *«*a = ^77 + Pi- 

As P,, + P p + P Q + Pi = 1 Fk , one has 

□ 
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Lemma 4.10. = <^«C | Or,) and t*i e - | Op) V« G «„. 

Proof. The equalities for £1 (8) Wl £ 2 <8>7r 2 1 ' ■ ®rr„_i £n £ -?«(«) 

s£S|(6 6 OtT2 • • • ®tt„-i £n) = «C (£ ®»7 & ^ ®™ " ' 1 ®rr„_! £„) 

= </V,((C I 0r,)0 ®7T1 6 ® W2 • • • ® Wn _! 

hold so that s*s c = I( ((C I Or,) on ©£° =1 F„(k). As 
SfS £ (&i0 6 2 ) = *c(^u( ft i)) 

= (C I £^,(&i)}r,eo 
= (C lO^ieo 

we have = ^((C | Or,) on ^b(«0- Hence s£s£ = 0^((C | Or,) on ^« ancl similarly 

*& = M<CI0,)- ' J □ 

As 4> p {y) = <j> v (y) on F n (n),n =1,2,3,... for y e A, we write 4> p {y){= 4> v {y)) as 
4>{y) on F n (K),n = 1,2,3,... for y e A. 

Lemma 4.11. For a G S p , a e S* 7 and y e .A, we /iaue 

s* a <t>{y)s a = <f> v {p a {y)), t* a cf>(y)t a = (f>p{va{y)), 
s a s* a 4> n {y) = 4>{y)s a s* a , t a t* a 4> p (y) = 4>(y)t a t* a . 

Proof. The equalities on F n (n), n = 1, 2, . . . 

Sa4'{y)s a (£.l ®7Ti • • • ®7r n _i £n) =S* a {(j){y)u a ® n £1 • • • £„) 

=<f> v ((u a | 0(y)«a)r,)6 <8>tti ■ • • ®ir„_i £n) 
=^r,(Pa(2/))(6 • • ■ ®7r n -i £n) 

imply s* a <p(y)s a = 4> n {p a (y)) on F n (n),n = 1,2,.... We have on F (/c) 

S* a 4>(y)s a {bl © 62) = («a I <H2/)«a<£r,(&l))r, © 
= (« a I <Pr,{Pa{y)bl) v © 
= (« a I U a )r,Pa(y)bl © 
= Pa(y)6l©0 
= 0,(p a (y))(&l e&2) 

so that s* a 4>(y)s a = <t> v {pa{y)) on F (k). Thus wc have s*^(y)s a = 4> v (p a (y)) on 
F K . We similarly have t* a 4>(y)t a = <j) p {ri a {y)). 
We also have 

_J U a lfi v ({u a I 0(y)6)r,) ®r, 6 &7T2 * ' ' ^TT^-i £„ if 7Tl = T], 

1 if 7ri 7^ 77. 

Since we have 

u a ip v ((u a | ^(y)f;i)r,) 
=u a tp v ((u a tp v (p a (y*)) | £1),) = u a Lp v (p a (y)(u a \ £x) v ) = (p(y)u a tp v ((u a | £1),,), 
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the equality s a s* a <j>{y) = 4>(y)s a s* a on F n {n),n = 1,2,... holds. For bi ©6 2 <G F (k), 
the equality s a s^(j) r) (y)(bi © 6 2 ) = 4>{y) s aS* a {bi © 6 2 ) = holds so that we conclude 
s aS* a 4>r,(y) = 4>(y)s a s* a on F K and similarly t a t* a 4> p (y) = (f> p (y)t a t* a . □ 

Lemma 4.12. For lj = (a, b, a, /3) G S K and y E A, we have 

taSfst* b s* a 4>{y) = 4>{y) t a spt* b s* a . 
Proof. By the preceding lemma, we have 

taSf3t* b s* a 4>(y) = t a spt* b t b t* b s* a (j>(y)s a s* a = t a sp<f>(ri b (p a (y)))t* b s* a , 
Ky)taS(]t* b s* a = t a t*j>{y)t a spspsptls* a = t a s P 4>{pp{n a {y)))tls* a . 
The desired equality holds by (1.1). □ 
Lemma 4.13. For a E S p , a E S* 7 and y E A, we have 

MS a yS* a )P p = s a 4> p {y)s* a , ^(T^T^P, = t„^(y)C 
Proof. For £1 (8) Wl £ 2 ®tt 2 ■ • • ®7r„_i £n e F n {n),n = 2, 3, . . . , we have 

0X2 ' ' ' ®7r„_i £n) 

= f (^(5 a yS*)fi) <8>„ & Ox 2 • • • &») if ti = »?> 

JO if 7Tl = p. 

F° r 6 = X^ e s K e " ® with E A, wc have 

<t> p (S a ySZ)€i = e u®E u r) r ( u ){x u ). 

On the other hand, we have 

S a 4>p(y)s* a (£l ©^ ®7T 2 ' • • ®7T„_! £n) 

= J s a (<j>{y)<j>r,({u a I 6)^)6) •■ • ®tt„_i £n) ir ^1 = ^ 

|0 if TTl = p. 

As (u a I Ci>r, = Eu,eE«,a=t(ai) r r(u>)- B a;a:u,r r * (ta , ) , wc have 
s a (Hy)(<t> v ((u a I £1)^)62) = s a <j) n {y{u a I 

= ^ U a Lp v (T r ( )(y)a; u T; M )^ £ 2 

= ( e w® £ 'u' r ?r(u-)(y)a;a;)Or ) 6- 

Hence we have 4> p (S a yS^)P p — s a (j> p {y)s* a on F n (n), n = 2, 3, 

For £ e we have | p (j/)s*£ = <}> p (y)((u a \ £} v © 0) = so that 

s a <f> P {y)s* a £ = 4> p (S a yS* a )P P i = 0. 

Therefore we have <f> p (S a yS^)P p — s a 4> p (y)s^ t on F K . 

The other equality (f> n (T a yT*)P v = t a ^ v (y)t* is similarly shown. □ 
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Lemma 4.14. For w G B p , z G B v and a G S p , a G S^, we ftawe 

s a s* a 4>p{w) = <f> p (w)s a s* a , t a t* a 4> p {w) = 4> p (w)t a t* a , 

s a s* a 4> v {z) = 4> v {z)s a s* a , t a t*J v {z) = 4> v {z)t a t* a 

and hence 

P P 4>p{w) = 4> p (w)Pp, P ri 4> p {w) = 4> p (w)P v , 

Pp$v(z) = 4> v (z)P p , P n 4> n {z) = 4> v (z)P v - 

Proof. For £1 <g) 7Tl £ 2 ©7r 2 ■ ■ • ®7r n _i £n G we have 

0p(w)s a Sa(6 <8>tti 6 

._ f (j)p(w)u a ip n ({u a | (g),, £ 2 ®7T 2 • ■ • ®7r„_! £n) if = »?, 

[0 if TTl = p 

and 

s a s a 

J U a tp v ((u a I (pp(w)^i) rt ) <El v £ 2 £n) if ""1 = »y, 

1 if 7Tl = p. 

Since 4> p {w)u a = u a ^p v {{ u a | (f) p (w)u a ) ri ), we have 

^ p (w)u a (p v ({u a | = u a ifi v ((u a | (j> p (w)u a <Pr,((u a | £i) v ))r,) 

= U a iPr)((u a | p (w) Up(fi rl ((up | Cl)r,))r,) 

= u a (p n ((u a | (j>p(w){;i)n). 

Hence s Q s*0 p _(w) = p (w)s Q s* holds. Similarly by <f>r,{z)u a = u a Lp v ({u a \ (pr,{z)u a ) n ), 
the equality ^(^)s a s* = s a s£0,,(z) holds L As P p = ^ a£SP s a s* on ®%L 2 F n (n), 
we see that P p commutes with 4> p (w) and 4> v {z)- 

The other four equalities in the right hand side are similarly shown. □ 

Let us denote by £j\(TL K ) and C^(F K ) the C*-algebras of all bounded adjointable 
right „4-module maps on H K and on F K with respect to the right „4-valued inner 
products respectively. For L G Cj({% K ), define L G C^{F K ) by 

L(£l ®7T1 6 ®7T 2 • • • ®7T n _l £n) = (^1 ) ®7Tl 6 ®7T 2 " " ' ®7T n _l £n 
for ^1 £ 2 ©7T 2 • ' • ©7T„_i 

Lemma 4.15. For L G Ca{T~L r ) and a G S p , a G E 7 ', we /iai;e 

s* a Ls a = 4>r){{u a I Lu a )n): t* a Lt a = 4> P ((v a I Lv a ) p ). 
Proof. For £1 (8) Wl • • • ® Vn _ 1 G F n (n),n = 1, 2, . . . , we have 

=4>r]{{u a | Lu a ) v )(,l <E>tti " • " ®7T„_i £n- 

For 6i &2 G fi,, © Bp, we have 

s* a Ls a (bi © 6 2 ) = s*L(u Q ^(6i)) = (u a \ Lu a ip n (bi)) n © = (u Q | Lu a ) n bi © 
Since (u a | Lu a ) v bi © = 4> n ({u a \ Lu a ) v ){bi © 6 2 ) we have 
s*Zs a = ^({M a | Lu a ) v ) on F K . 
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The other equality for t* a Lt a is similarly shown. □ 
Lemma 4.16. For w G B p , z G B v and a G T p , a G T n , we have 

s* a 4> p (w)s a = 4> n (p a (w)) t* a 4> v (z)t a = 4> p (rj a (z)), 

s*J v {z)s a = t*J p (w)t a = ^MH). 
Proof. By Lemma 3.12, we have 

p a (w) = (u a | (t> p (w)u a )r,, p%(z) = (u a | 4> n (z)u a ) rr 
Hence the preceding lemma implies 

s* a 4> P {w)s a = 4> v ({u a I 4> p (w)u a ) v ) = 4> v (p a (w)), 

s* a 4>, 1 {z)s a = 4> n ((u a I <f> v (z)u a ) v ) = ^(pliz)). 
The other two equalities in the right hand side are similarly shown. □ 
Corollary 4.17. For w = 

(2.2) and z = £ eS7) T a z a T* as 

in (2.3), we have 

<1>p( w ) = ^2 s a4> v (w a )s* a + P n 4> p (w)P v + P 4>p(w)P , (4.7) 

b,(z) = J2 ^M z aK + PpM z ) p P + PoMz)p . (4.8) 

Proof. As P p + P n + Pi + P = 1 on F K and Eae£" s " s « = P p + Pi , one has 

4>p( w ) = ^2 S a s *a4>p(w)s a S* a + 4> p (w)P v + <p p (w)P a . 

Since s*</> p (m;)s q = (j> q {p a {w)) — (f> v (w a ) } we have the equality (4.7). The equality 
(4.8) is similarly shown. □ 

Lemma 4.18. 

(i) 4> p : Bp — > Ca(F k ) is a faithful *-homomorphism. 

(ii) 4> v : B rl — > Ca{F k ) is a faithful *-homomorphism. 

Proof, (i) It is enough to show that 4> p : B p — > Ca{H k ) is injective. For w = 
Saesp So-WaS^ as in (2.2), suppose that <j) p {w) — on T~i R . By Lemma 3.12, we 
have p a (w) = for all a G £ p so that w a — for all a G T p , which shows w = 0. 
(ii) is similar to (i). □ 

5. The C*-algebras associated to the Hilbert C*-quad modules 

In this section, we will study the C*-algebras generated by the operators s^,^ 
for £ G H K . For £, £ G F K , denote by 9^^ the rank one operator on F K defined by 

%c(7) =&U«C I lU) forie^K- 
It is immediate to see that the operators 9^^ for £, ( G F K are „4-module maps 
through ipj\. Let us denote by /C^(F K ) the C*-subalgebra of Ca{F k ) generated by 
the rank one operators 6^ for £, £ G F K . Put the projections for a G £ p , a G T n 

Pa = S a S* a <E Bp c F (k), q a = T a T* a eB n c F (k). 
They are regarded as vectors in F K . 

Lemma 5.1. X) aeEf) ^p«,p« +J2ae^ 0qa,g a = p o ■ the projection on F K onto F (k). 
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Proof. For a G T, p and b 2 & B p , we have 

Op a ,p a (h) =Pa¥>A((Pa I b 2 ) A ) 

= Pa E S a 'Sp,p a b 2 Sp'S*, = p a b 2 

so that J2 a esp ^Vcvd^) = °2 f° r ^2 € B p . Similarly we have 6q a ,q a (bi) = q a b\ for 
q a G S,, so that i] aGS „ ^ a ,9a( & i) = &i- As ^ 9 a,9a( & 2) = for 6 2 £ S p , Pa , Poi (bi) = 
for 61 G £>,, and 

<?Pa J .a(0=«< I «,9.(0=0 fOT £GF„(«),n = l,2,..., 

the operator J2 a esp ®p a ,p a + J2 a e^ ®ia,q a is tne projection on F K onto F (k). □ 
Put e w : — e w ® E u G H. K for cu G S K . Then we see 

E u if w = uj' 



ifw^w'. 



Lemma 5.2. {e^l^es^ forms an orthogonal basis of H K with respect to the A- 
valued inner product (• | -) A as a right A-module through ip A . 

Proof. For £ = XL'es e "' ® ^u'^' with av G >A, one has 
so that 

£ = E ZuVa{E«>xJ) = E e w^((e w I 0^)- 

□ 

Lemma 5.3. XLes #e„,e„ = Pi the projection on F K onto F\(k). 

Proof. By (5.1), we have £ = £ we s K 6^(0 for £ G U K . Since = for 

£' G F„(k) with n ^ 1, we have £ weEre = p i- D 

By the preceding lemmas, we have 

Corollary 5.4. P ,-Pi G JC A {F K ). 

The C*-subalgebra of generated by the operators s^,t^ for £ G W K is 

denoted by Tu K and is called the Toeplitz quad module algebra. 
Definition. The C*-algebra 0-u K associated with the Hilbert C*-quad module H K 
is defined as the quotient C*-algebra of Tu K by the ideal Tu^ H K. A (F K ). 

We set the quotients of the operators in Ou n for a G S p ,a G TP: 

U a := [s a ] G O h « V a ~[t a ]eOn H - 

Since 

E s aS * a + e t a t:+p = i+p 1 

and Po,Pi G /C^(F K ) we have 

E ^ + E = L ( 5 - 2 ) 
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We also have for w G B p 

<t>p( W ) = E 4>p( W ) S a S * a + E <t>p{w)t a t* a + if>p(w)P -4>p(w)P 1 . 

As 4> p {w)s a — s^ p ( w ) Ua and 4> p (w)t a — t ( p^ w - )Va by Lemma 4.8, the operators <j> p {w) 
for w G Bp and similarly 4> v (z) for z E B n belong to Tu K modulo K^(F K ). Let 
& p (w), &n{ z ) G C« K denote the quotient images of <f> p (w) , ^{z) for w E ,B p , z G B n 
in the quotient = T-u K /Tu K H /C^(F K ). The following lemma is clear by (4.5). 

Lemma 5.5. The C* -algebra Ou K is generated by the partial isometries U a , V a for 
a E £ p ,a G Y7 1 and the elements <bp(w),<f> v (z) for w G B p ,z G B v . 

We will show that the C*-algebra On K has a universal property subject to the 
operator relations inheritated from Lemma 4.14 and Lemma 4.16. The following 
proposition is direct. 

Proposition 5.6. The operators $ p (w),$ v (z), U a ,V a for w G B p ,z G B v , a G 
£ p , a G S 1 ' satisfy the relations: 

E u °k+ E w = 

tfatWO - ® P {w)u a u*, v a v*® p (w) = * p (w)v a v;, 

U a U* a %{z) = %(z)U a U*, V a V:%{z) = %(z)V a V:, 

* p @a{w)) = U*$ p (w)U a , <S>r,(Va(z)) = V a *%(z)V a , 

= K%(z)u a , $ P (^H) = v:* p {w)v a , 

form G B p ,z G B n ,oe eS>£ YP,y G A. 

The ten relations above are called the relations (H K ). We will henceforth prove 
that the C*-algebra 0-u K has the universal property subject to the relations (H K ). 
Let B K be the C*-subalgebra of Oy, K generated by the operators & p (w), & v {z) for 
w G Bp, z G B v . 

Lemma 5.7. Assume that the algebra A is commutative. Then B K is commutative 
by the relations (% K ). 

Proof. As the algebra A is commutative, the algebras B p and B v arc both com- 
mutative by Lemma 3.8. Hence it is enough to prove that & p (w) commutes with 
® v {z) for w € Bp, z G 6^. For a G £ p , it follows that 

%(z)^ p (w)U a U* = U a %{?l{z))$p{p a {w))U* a . 

As p a (w) G A, we have $ P (p^(w)) = $^(p^(w)) so that 

*p(?aH)*,(%(«)) = $,(p Q Hpl(z)). 

Both the elements pj£(z), p a {w) belong to the commutative algebra £>,,, so that 

%(z)* p (w)U a V* = t/a$p(p Q («;))$, (pS(«))I/* - $p(w)$r)(z)U a U*. 
Similarly we have 

%{z)$> p { W )v a v: = $ p {w)%{z)v a v: 
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for a G E 7 *. As J^aesp U »U* + EaGE^ V » V a = ^ onc concludes that 

□ 

Put E^ = E p U E^. Wc set for 7 G E^ and X E B K 



p K (X) = WZXW 1 where W 1 = 



U a if 7 = a G E?, 
V a if 7 = aGS". 



Since U*B K U a C S K and V a *,B K K C B K , wc have 

so that we have a family of endomorphisms p^, 7 G E pu,) on B K . In what follows, 
we assume that the algebra A is commutative, so that the algebras B P ,B V and B R 
are all commutative. 

Lemma 5.8. The triplet (B K1 p K , Y> plJri ) is a C* -symbolic dynamical system. 

Proof. Since £ 7GEpU „ W,W; = £ q£Ep ?7 Q *7* + £ oeE „ V a V* = 1 and W 7 W; com- 
mutes with B K , the family ^je vjpu») yi e y s an endomorphisms on B K . We have 

E p*a)= E Ku a + E w 

= E ^(Pa(l))+ E *lfaa(l)) 

>*p(l) + *„(l)>2. 
Hence (B K , p K , E pU,? ) is a C*-symbolic dynamical system. □ 
For p = fii ■ ■ ■ p n G B^E^) where Hi, . . . , fi n G E^, denote by 

= the number of symbols of E p appearing in the word pi ■ ■ ■ p n , 
\fi\rj = the number of symbols of appearing in the word pi ■ ■ ■ p n . 

Hence \p\ p + \p\ v = n. For n G Z+, denote by J"„ the C*-subalgebra of 0-h k gen- 
erated by the operators W 11 ... ln bW*, , for 6 G B K and 71 • • • j n G £?„(E pU,? ) such 

that I71 •••7„| (9 = |7i---74lp and l7i---7n|» ? = |7i"-7nl»?- Since E 7£ EPUr, W 7 W* = 
1 and W-yW* commutes with B K , the equality 

w 7l ... ln bw;,...^ = E ^•• 1 .w r 7. +1 C( i )^.^-T, 

gives rise to an embedding T n <^-> J"„ + i,n G Z + . Let J 7 ?^ be the C*-subalgebra of 
C« K generated by U^ J"„. 

We define 2-parameter unitary groups on T~L K by setting 

6 p ri :u a yr,{z) £W £ ^ e 2 " ri u Q ^(z) eH K , a G z £ B„ 
for ri,r 2 G R/Z = T. They extend on r H K ®^ 1 ■ ■ ■®- Kn _^'H K for (tti, . . . , 7r„_i) G r„_i 

by 
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which naturally extend on F n (n). We put 

oo oo 

< = E < = E ° n F « = ©n=0^(«) 

n=0 n=0 

for n,r 2 e R/Z = T, where 0£® n ,0J?® n for n = are defined by 0£®°(&i © 6 2 ) = 
e 2,Tiri 6i 6 2 , ^®°(6i © 62) = 61 © e 27rir2 b 2 - We note that uPu^ = u^u^. Define 

ff (riira) = Ad(u p r yj. 2 ) on F K for (n,r 2 ) £ T 2 . 

The following lemma is straightforward. 

Lemma 5.9. For w G S p ,z G £ E p ,a G E 7 ' and (ri,r 2 ) G T 2 , we ftat/e 

9( ri ,r 2 ){<f>p{w)) = 4>p(w), 9(r l ,r 2 ){(t>r 1 (z)) = <j>r,(z), 

9{ri,r 2 ){ s a) — e ' s tt! 9(n,r^){pa) e 2 ^a- 

It is easy to see that g^ ri r2 ^(]C^(F K )) = JC^(F K ) so that g( ri ,r 2 ) defines an 
automorphism on 0-h k for (ri,r 2 ) G T 2 , which is still denoted by g( ri ,r 2 )- The 
automorphisms <7( ri ,r 2 )> ( r i> r 2) S T 2 define an action 

.9 : (ri,r 2 ) G T 2 > fl(riira) G Aut(O w J 

of T 2 , called the gauge action on On H . Define a faithful conditional expectation 
£-h k from 0-h k onto the fixed point algebra (O-u^) 9 by setting 

£nAX)= [ 9(r u r 2 )(X) dndr 2) leOji, 

J(ri,r 2 )€T 2 

Then the following lemma holds. Its proof is routine. 

Lemma 5.10. The fixed point algebra (0-n n ) 9 of Ou k under the action g of T 2 
coincides with Tu^ ■ 

We will prove that the algebra On K has a universal property subject to the 
relations (FL K ). Let us denote by 0™ % the universal C* -algebra generated by the 
operators to G B p , z G B n and partial isometries u a ,a G E p ,v a ,a G E^ satisfying 
the following operator relations: 

E u ^ u ^+ E Vbv fc = : > 

u a u* w = wu a u* a , v a v*w = wv a v* a , 

u Q u*z = zu a u*, v Q v*z = zv a v*, 

p a (w) = u>u a , rfa(z) = v*zv a , 

p%{z) = u*zu Q , rfP{w) = v>v a , 

for w G B p ,z G Sj,,a G E p ,a G E 71 ,?/ G .4 where i v : A ^ B v and t p : A ^ 
B p are natural embcddings. The above ten relations of operators are also called 
the relations (H K ). Denote by B™ 1 the C*-subalgebra of 0™ generated by the 
elements w G B p and z G B v . We set for 7 e S p U E' and x G S™ 4 
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Since u* a B% ni u a C B% m and v*B£ ni v C B^ n \ we have 

so that we have a family of endomorphisms p"™ 4 , 7 G X pUr ' on Similarly as in 

the preceding lemma, we have 

Lemma 5.11. The triplet (S"™\ p um , E pUr? ) is a C* -symbolic dynamical system. 

For n G Z + , denote by J 7 ™ 1 the C*-subalgebra of 03^ ra generated by the opera- 
tors w^... 7n bw*, , for 6 G B% m and 71 • • • 7„ G B„(S^) such that | 7l • ■ -7„| p = 
b4-"7nlp and |7i---7„|^ = \l[ ■ ■ ■ l'„\r,- Since £ 7£EP u„ w 7 w* = 1, and w 7 w* 
commutes with B" nl , the equality 

W 7l ... 7n feltf}/... 7; = 51 W 7l-7n^7n + lPr!l( 6 Xn+l W 7j-7; 

7 „ + iSSp u i 

gives rise to an embedding J 7 ^™ <— > J^+i, « G Z+. Let J 7 ^™ be the C*-subalgebra 
of 03^™ 4 generated by U^qJ 7 ,!,"". By the universality of the algebra 03^™ subject 
to the relations (J-L K ), the correspondences for each (ri,r 2 ) G T 2 

w e u n K — ► w e y «« > z e w K — z e u u K ) 

u a t J> e Hat ^-H K ' v a fc U H K > e v a t H K > 

give rise to an automorphism of 0^™ 4 , which we denote by <7( 1 r ™ r2 ) - Similarly to 
the preceding discussions, g um yields an action of T 2 on 0™ 4 , called the gauge 
action on 0^™ 4 . Define similarly to the preceding discussions a faithful conditional 
expectation £^™* from 0^™ 4 onto the fixed point algebra (O^™ 4 ) 3 ""* by setting 

"'(ri,r 2 )eT 2 

Similarly to the previous discussions, we have 

Lemma 5.12. The fixed point algebra (O^™ 4 ) 5 '""* of 0^™ under the gauge action 
g uni j T 2 coincides with T^. 

By the universality of the algebra 0™ 4 subject to the relations {H K ), there exists 
a surjective *-homomorphism & : 0^™ 4 — > On K satisfying 

V(w) = $ P H, = *„(*), 

= C^a, i'K) = K 

for u> G £> p ,2: G S^,a G S p , a G E^. We will prove that there exists a *- 
homomorphism ir K : B K — > £>" ra such that 7r K (<j> p (u>)) = w, ir K ($ v (z)) = z. 

Lemma 5.13. For a G £ p , a G E 17 , we have 

(i) TTie correspondence U a ^ T] (z)U* G U a ^ T1 (B v )U* — S> u Q zu* G u a B,u* /or 
z G Br, yields a * -homomorphism. 

(ii) TTie correspondence V a $ p {w)V* G K$ P (^ P )K* — ► v a wv* G v a B p v* for 
w G Bp yields a * -homomorphism. 

Proof, (i) As J7*J7 Q = $,(p a (l)) = $ r) (P Q ) and u Q P Q = u a p a (l) = u Q , the maps 

:(7 Q $ r) (z);7* G U a %{B v )U* — ► ^[/^(^t/*^ G $„(P a Va), 

Ad(u Q ) G P a B n P a {c Br,) — > u Q zu* G u„^u* 
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are *-homomorphisms. As $ v : B v — > $ V (B V ) is a *-isomorphism, the desired map 

U a %{z)U* e Uc&niBJU* — »• u Q z< g u^u* 

for zeB, yields a *-homomorphism. 

(ii) is similar to (i). □ 

Lemma 5.14. 

(i) For a £S P , the correspondence: 

^ 11 (x jl )^ 72 (x j2 )---^ 7n (x jn )U a U* G B K U a U* — > ar^Sj, •••x J „u ct < G B^'u^: 

/or G B p (jk = p) and Xj k G B v (jk = v) gives rise to a *-homomorphism 
from B K U a U* to B^ a <- 

(ii) For a G T7 1 , the correspondence: 

$ 7l (x J1 )$ 72 (x j2 )---$ 7 „(x J jKTC G B K V a V* —>x h x h •■•x jn v a v* a G B£ ni v„v* 

for xj k G B p (jk = p) andxj k G B v (jk = v) gives rise to a *-homomorphism 
from B K V a V* to B% ni v a v* a . 

Proof, (i) Since p a {w) G A C B n for w G B p , we see $ p (p Q (w)) = so 
that 

u*$ p (w)u a = $p(p Q H) = %(p a H), u*Mz)u a = 

for w G Bp, z G B v . For Xj fc G or G B p , put 
We then have Xj k G £>,, so that 

$71 foi ) $ 72 (^2 ) • • • *7» ( X jJ U *K 

=UJJ* a ^{x h )U a U*% 2 {x j2 )U a U* a ■ ■ ■ U a U*$ 7n (x jn )U a U* 
=U a %{x h )%{x j2 )- ■ ■ ^ v (x jn )U* 

= U a $ > r i(Xj 1 Xj 2 ■ ■ ■ Xj n )U a . 

By the preceding lemma, the correspondence 

X 32 ' ' ' x jn)Ua G U a $ n (B n )U* > U a Xj 1 Xj 2 ■ ■ ■ Xj n U* a G U a £>,jU* 

gives rise to a *-homomorphism from U a ^ rj (B rj )U* to u a 6,u*. Since we have 

M a x n x j2 ■ ■ ■ x jn u* a = u a u* a x n u a -a* a x j2 -a a u* a ■ ■ ■ u a u* a x jn u a u* a 

— xj 1 Xj 2 ■ ■ ■ Xj n u a u a , 

we have a desired *-homomorphism from B K U a U* to £>" ra u Q u* . 

(ii) is similar to (i). □ 

The above *-homomorphisms of (i) and of (ii) are denoted by 

ir a :<f> 7l (x h )$ 72 (x j2 ) ■ ■ ■ $ 7n (x jn )U a U* G B K U a U* — ► x h x h ■ ■■x jn u ct u* a G B% ni u a u* 
tt q :% 1 (x jl )% 2 (x j2 ) ■ ■ • $ 7 „(x,jKK* G B K V a V* — > x^ • ••x 3 „vX G B£ ni v < 
Lemma 5.15. T/iere exists a *-homomorphism 

7T K :B K ^ BT l 

such that 7T K ($ p (w)) = w /or w G B p and 7r K ($^(z)) = z for z G £>,,. 
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Proof. Since £ q£Ep U a U* + £ aeEl) V a V* = 1 and £ q£EP u q < + £ aeE „ v v* = 1 
by putting 



n K (X) := ]T n a (XU a U*)u a n* a + ]T ^ a (XT/ a V;)v a v: 

for I £ we have a desired *-homomorphism from B K to B" m . □ 

We will consider the *-homomorphism ^ : — !• 0-h k again. By the above 
discussions we have 

Lemma 5.16. The restriction ^\b^ ■ S"™ 1 — > B K of & to the subalgebra B% nl is 
the inverse of tt k : B K — > £>" m . Hence Hf\ B um : B™ m — > B K is a ^-isomorphism. 

Therefore we reach the main result of the paper: 

Theorem 5.17. The C* -algebra Ou K associated with the Hilbert C* -quad module 
T-L K is canonically ^-isomorphic to the universal C* -algebra O^ff 1 generated by the 
operators w € B p ,z G B v and partial isometries u Q ,a G E p ,v a ,a G Y7 1 satisfying 
the operator relations: 

Y u p u }+ Y v ^ v b = ( 5 - 3 ) 

u Q u* w = M)U a U* , v a v*w = w„v*, (5.4) 
u Q u* z = zu a u* , v a v*z = zv a v*, (5.5) 
p a {w) — u*wu Q , Va(z) — v*zv Q , (5.6) 

pZi Z ) = »>a. Va( W ) = v > v a, (5.7) 

h(y) = l p(v) ( 5 - 8 ) 

for w G B p , z G B v , a G S p , a G S 1 ', y E A where i p : A M> B p and t v : A B n are 
natural embeddings. 

Proof. The triplets {B™\ p uni , X pUr >) and (B K , p K , Z pUr >) are both the C*-symbolic 
dynamical systems. As in the discussions of the proof of [22, Lemma 3.2] , the above 
lemma implies that the restriction : — > Tu n of $ to the subalgebra 

J 7 ^™ 4 is a ^-isomorphism. The diagram: 



is commutative. Since the conditional expectation is faithful and the restriction 
&\j:uni is *-isomorphic, one concludes that 9 : C^ r " — > Ou K is a *-isomorphism 
by a routine argument as in [5, 2. 9. Proposition]. □ 

The above theorem implies the following: Suppose that there exist two families 
of partial isometries u a ,a G S p ,u a ,a G TP in a unital C*-algebra V and two 
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*-homomorphisms 7r p : B p — > V, tt^ : B n — > V satisfying the relations: 

U a U* a TT p (w) = ■K p {w)u a U* a , V a V* a TT p (w) = TT p {w)v a V* a , 

U a U* a TT v (z) = TT v (z)u a U* al V a V* a TT n (z) = TT v (z)v a V al 

n p (p a (w)) = u* a TT p (w)u ai TT v (rj a (z)) = v* a *K p {z)v a , 

Kp{y) = 7Tr,(y) 

for w G Bp, z G B v , a G £ p , a G S r ', y G A. Then there exists a *-homomorphism it 
from 0-u K onto the C*-algebra generated by tt p (w), Tr, q (z), u ai v a such that 7r(u>) = 
tt p (w),tt(z) = TT v (z),Tr(U a ) = u a ,Tr(V a ) = v a for w G B p ,z G B n ,a G £ p ,a G T, v . 

The notions of condition (I) and irreducibility for C*-symbolic dynamical systems 
have been defined in [21] (cf. [22]). The former guarantees a uniqueness of the 
resulting C*-algebras under operator relations among generators. The latter does 
a simplicity of them. 

Definition. We say that % K satisfies condition (I) if the C*-symbolic dynamical 
system (B K , p K ,T, pUri ) satisfies condition (I). We also say that W K is irreducible if 
the C*-symbolic dynamical system (B K , p K , £ pUl >) is irreducible. 

Corollary 5.18. Suppose that A is commutative. 

(i) If Hk satisfies condition (I), then the C* -algebra O-u^ is the unique C* - 
algebra subject to the relations (H K ). 

(ii) If in adittion H K is irreducible, the C* -algebra Ou K is simple. 

In the rest of this section, we will consider a C*-subalgebra of <D-n K generated by 
U a , V a for a G £ p , a G W and elements $ p (x), & v (x) for x G A. The subalgebra is 
denoted by Oa,k- Since the operators 4> p (x) and 4> v (x) for x G A are different only 
on F (k), we have & P (x) — & v {x) for x G A, which we denote by Hence the 

following relations hold: 

Y u f3 u; 3 + Y W = i, (5-9) 
u a u&(x) = Hx)u a u* a7 v a v a *$(x) = *(x)v a v;, (5.10) 

U*$(x)U a = $(p a (x)), V*$(x)V a = Hva(x)) (5.11) 
for x € A, a G £ p , a G S 17 . For cj = (a, 6, a, /3) G S K , define the operators in Oa k 

by 

C w =V a UpV b *U*, (5.12) 

Pr, W - V a UpU*pVZ, P Sl0J = UaW^. (5.13) 

Lemma 5.19. For u = (a, b, a,/3) G £ re , we ftcrae 

(i) C u is a partial isometry in 0-u K satisfying 

C u ^(x)=^(x)C u , xeA, (5.14) 
V a U(, = C u U a V b , U a V b = C:V a Up. (5.15) 

(ii) P r ,Lu,Ps,u are projections satisfying 

Pr,u = C^C*, P s ^ = C*C W . (5.16) 
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(iii) C U <?B K . 
Proof, (i) By (5.10) and (5.11), we have for x £ A, 

C^{x) =V a UpV b *$(p a (x))U* = V a Up$(r) b (p a (x))V b *U* 
$>{x)C u =V a $( Va (x))UpV b *U* = V a U f MPfMx))V b *U:. 
By (1.1), we have (5.14). We also have 

C u U a V h = V a Up$(r} b (p a (l))) = V a Up$(pp(n a (l))) = V a U p U;V a *V a U p = V a U fj 

and similarly C* V a Up = U a V b . 

(ii) The equaltions (5.16) are straightforward. 

(iii) Suppose that C w G B K . Since U a U* commutes with $ p (w), & v (z) for w G 
Bp, z £ B v , it commutes with B K and hence with C u . Hence we have 

V a Up = C u U a V b = U a U:C u U a V b . 

As V a V a *U a U* = 0, one has V a Up = 0. Since $>{pp{r, a {y))) = U* p V a *yV a Up = 0, one 
has pp(r]a(y)) = for all y € A, a contradiction. □ 

For the two C*-symbolic dynamical systems (A, p, £ p ) and (A, i], T, v ) in the C*- 
textile dynamical system (.4, p, n, E p , E' 7 , k), we define their union (A, p U rj, E pUr ') 
as the following way, where E pUr ' = E P UE 1 '. For 7 G E pU ' 7 , define an endomorphism 
(p U ry) 7 on A by setting 



(pUr/) 7 = 



if 7 G E p , 
if 7 G E 1 ?. 



It is easy to see that the triplet (A,pUr], Y, pUri ) is a C*-symbolic dynamical system. 
Hence we have a C*-algebra O p \j v from (A, pDrj, E pUr? ). Denote by S Q , a G E p and 
S a ,a G E 7 * its generating partial isometries satisfying the relations: 

E w + E s ^ = !' ( 5 - 17 ) 

SaS^a; = a;SQ.S Q , S a S a a; = a;S a S a , (5.18) 

S*a:S Q = p Q (a;), S* a xS a = r] a {x) (5.19) 
for x € A,a (z E p , a G E 7 *. Then we have 
Proposition 5.20. (i) The correspondence: 

/or a G E p ,a G H v ,x G .4 yie/d a ^-isomorphism between the C* -algebras 
Opu v and Oa.k- Therefore we have 

Oa,k = O pUrp (5.20) 

(ii) Hence the C* -algebra 0_a,k is realized as the universal C* -algebra generated 
by partial isometries U a , V a for a G E p , a G TP and elements x G A subject 
to the relations: 

E W+ E w = L 
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Proof. By the universality of the algebra O p u v subject to the relation (5.17), (5.18), 
(5.19), the correspondences 



S Q —>U a S a — ► V a , x — > $(jc) 

for a E S p ,a G T, v ,x E .4 yield a *-homomorphism from O pUri to C^ !K which we 
denote by VP. Since the action gi ri ,r 2 )> ( r ij r 2) € T 2 preserves the automor- 

phisms g(t,t) for t £ T give rise to an action on O a ,k which we denote by gf. It 
satisfies 

gfmx)) = *{x), gf(U a ) = e Mt U a , gf(V a ) = e 2 ™V„ 

for a G X p ,a G T, v ,x G A and t G T. Let g be the gauge action on O pUv which 
satisfies 

g t (x) = x, g t (S a ) = e 27rit S Q , g t (S a ) = e 2mt S a 

for a G S p , seS',i£^ and i G T. Hence we have 

* 5t = ft 4 ° * for 1 e T - 

Let (0.4, K ) 9 be the fixed point algebra of Oa.k under the action g A . Denote by 
£- A : Oa.k — > {Oa,k) 9 the conditional expectation defined by the formula: 



£ A {X) = fgf(X) 



dt for X G AiK . 



Denote by £ pUv : O plJv — > (Opu^) 9 the conditional expectation similarly defined 
to the above by the gauge action g. Since we have 

* o £P Ur > = £ A oty 

and £ pUv is faithful, by a routine argument as in [5, 2. 9. Proposition], one concludes 
that "3/ is injective and hence *-isomorphic. □ 

6. Relation between On K and O p 

For a C*-textile dynamical system (A, p, rj, S p , k), the author has introduced 
a C*-algebra O prj in [23]. It is realized as the universal C*-algebra C*(x, S a ,T a ; x G 
A, a G £ p ,a G TP) generated by x G A and two families of partial isometries 
S a , a G S p , T a , a G TP subject to the relations (1.2), (1.3) and (1.4) that are called 
the relations (p,t];k). In this section we will describe a relationship between the 
two algebras Ou K and O p7J . As both of the C*-algebras O p and O v are naturally 
regarded as C*-subalgebras of K p , the algebras B p and B v may be realized as the 
C*-subalgcbra of O p n generated by S a xS^ for x G A, a G S p and that of O p r) 
generated by T a xT* for x E A,a E E 71 respectively. 

Lemma 6.1. Let S a ,a E E p and T a ,a E E 7 * 6e partial isometries in the algebra 
O p satisfying the relations (1.2), (1.3) and (1.4). 

(i) For a G T, p and z = £ beEl) T ^&T<* E B v as in (2.3), 

S* a zS a = Yl T bP0 (z a )T b * = pn a (z). (6.1) 

b,a,P 
(a,6,a,/3)e£ K 
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(ii) For oeS' and w = J2f3e^" Sp w pSp G B p as in (2.2), 

T* a wT a = Y, S 0Vb (w a )S; = r} p a (w). (6.2) 

a,b,P 
(a,6,a,/3)€E„ 

Proof, (i) By [23, Lemma 4.2] the following formulae hold for a G £ p ,a 6 E 7 ?, 
T* a S a = S pVb (p a (l))T b *, S* a T a = T b p ( Va (l))S* . 

re(a,6)=(o,/3) re(a,6) = (a,0) 

It then follows that 

S a zS a — ^ ' S a T a z a T a S a 

= E E ^MQa)s;z a ^ Sp.pp.iQjTt 

a£S' 6,/3 b',/3' 

«(a,6) = (a,/3) k(c«,6') = (<*>0') 

= J2 T b pp(Q a z a Q a )T b *=pl(z). 

(a,6,o,/3)€S« 

(ii) is similar to (i). □ 

Let us denote by Si,^ isometries satisfying SiSj* + S2SI = 1- The C*-algebra 
generated by them is the Cuntz algebra 2 of order 2. In the tensor product 
C*-algebra K p 7) <8> 2 , we put 

u a = S a ® Si for a G £ p , w Q = T Q ® S 2 for a G XT', 

7T p (w) = U> ® 1 for W G Bp, 7I"r;(-2) = z ® 1 for z G £>,,. 

By the above lemma, the following lemma is straightforward. 

Lemma 6.2. The operators u a ,v a for a G £ p ,a G S 1 ' and tt p (w), ^(z) for w G 
Bp, G B v satisfy the relations (H K ). 

We thus have 

Theorem 6.3. Assume that (A, p, rj, £ p , n) satisfies condition (I). Then the 
correspondences 



U a G Ou K — ► S Q ® Si G 0« „ ® : 



2- 



K G 0« K — ► T a ® S 2 G 0~ ® ; 



p ;T) o ~2j 

tu G Bp — >• io ® 1 G 0p% ® 2 , 
z g B n — > z®l g 0p; r) ® 2 

/or a: G S p , agS' give rise to a ^-isomorphism from 0-u K to the C* -subalgebra of 
Op^ ® 02 genarated by the partial isometries S a ® Si , T a ® S 2 /or a G S p , aeS' 
and ifte elements w ® 1, 2 ® 1 /or w £ B p , z e B v . That is 

O n ^ = C*{S a ®Si,T a ®S 2 ,w®l,z®l : a G S p ,a G S",to G B p ,z G B„). 

We will present an example. Let a, [3 be automorphisms of a unital commutative 
C*-algebra A Put E p = {a}, S 1 ' = {(3} and define /9 a = a,r]p = (3. We have two 
C*-symbolic dynamical systems (A, a, {a}), (»4, /3, {/3}). Assume that ao(3 = f3oa. 
Put S"* 3 = {(a^)},^" = {(/3,a)}. The specification k : E a/3 — > S' 3 " is 
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unique and satisfies n(a,/3) = ((3, at). We have a C*-textile dynamical system 
(A, at, (3, {ot}, {/3}, k). We denote by H^'P the associated Hilbert C*-quad module. 
Since S K = {(a, (3, (3, ot)} a singleton and = /3(a(l)) = 1 so that U^P = A. 
As a o (3 = (3 o ot, they induce an action of 1? on A. By the universality subject 
to the relations (1.2), (1.3) and (1.4), one easily sees that the algebra Op V for the 
C*-textile dynamical system (A, at, j3, {at}, {13}, k) is *-isomorphic to the crossed 
product A x a ,p Take implementing unitaries U, V in A x a ,p ^ 2 for the action 
such that 

at(x) = U*xU, (3{x) = V*xV for x E A. 

Since both U, V arc unitaries, we have a^ 1 (x) — Uxll*,f3^ 1 (x) = VxV* for x E A 
which belong to A. Hence we have 

B a = C*(UxU* | x G A) = A, Bp = C*{VxV* \ x G A) = A. 

For w G B a , z G Bp we have 

w = Uat{w)U*, z = Vat(z)V*. 

We will write down the Hilbert C*-quad module structure for W^'^ 3 — A defined in 
Section 3. For £ = x, C = x' G %" ,/3 = .4, y G .4, to G B a = A, z G Bp = A, 

0. The right .4-module and the right „4-valued inner product (• | -)x- 

€<PA{y) = xy for y E A, (£ \ = x*x' . 

1. The right action of B a and the right action of Bp: 

£,ip a {w) = xat(w), £<Pa(z) = xf3(z). 

2. The right Z^-valued inner product and the right Bp-valued inner product: 
(£ | f') a = Ux*x'U* = cr\x*a?), {i | Op = Vx*x'V* = (3-\x*x'). 

3. The left action of B a and the left action of Bp: 

K{w)£, = (3(a(w))x, <t>p{z)£ = ot(f3(z))x. 

We then have 

Pa(w) — at(w), Vp( z ) = @i z ) for w E B a = A, z E Bp = A. 

For the *-homomorphisms p\ : Bp — > Bp and rfp : B a — > B a , we have for z E Bp, 

p^Jz) = Vat{z a )V* = Va(V*zV)V* = (3' 1 {ct{(3{z))) = ot{z) 

and similarly rjp(w) — (3(w) for w G B a . Hence the C*-algebra O^a.p defined by 
the Hilbert C*-quad module H"' 13 is the universal C*-algebra generated by two 
isometries u, v and elements x E A subject to the relations 

uu +vv = 1, 
uu*x~xuu*, vv*x — xvv*, 
at(x) — u*xu, (3{x) — v*xv 
for x G A. By the universality of the algebra O^c*,? the correspondence 

"re 

u E O u <*,f) — >u = U®S 1 EA x a ,p % 2 ® 02, 
v E O n <*,0 — >v = V<E>S 2 E A x a .p 1? <g> 2 , 
x E A — >x = x<Z)1eA x a .p Z 2 <g> 2 
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gives rise to a *-homomorphism. If in particular, the action (n, m) G 1? — > 
a n o (3 m G Aut(„4) is outer, (A, a, f3, {at}, {/3}, n) satisfies condition (I) so that the 
above correspondence gives rise to a ^-isomorphism, that is 

O H «, S C*{U® S 1 ,V®S 2 ,x | x G A) cAx a ,p I?®0 2 - 

7. Textile systems of commuting matrices 

We will study C*-algebras associated with the Hilbcrt C*-quad modules defined 
by textile systems of commuting matrices (cf. [25]). Let Abe an N xN matrix with 
entries in nonnegative integers. We may consider a directed graph Ga = (V,Ea) 
with vertex set V — {vi, . . . , vn} and edge set Ea consisting of A(i, j) edges from 
the vertex Vi to the vertex Vj. Denote by T, A = Ea- Let A be the A^-dimensional 
commutative C*-algebra C N with minimal projections E\, . . . ,En such that 

A = CE 1 ®---®CE N . 

We set for a G T, A , i, j = 1, . . . , N 



A(i,a,j) 



if s(a) — Vi, r(a) 
otherwise 



where s(a), r(a) mean the source vertex , the range vertex of an edge a respectively. 
We define an endomorphism p A on A for a G T, A : 

N 

p A (E l ) = Y / Mt,a,j)E 3 , i = l,...,N. 

3=1 

Then we have a C* -symbolic dynamical system (A, p A ,T, A ). Let B be another 
N x N matrix with entries in nonnegative integers such that 

AB = BA. (7.1) 

Consider the associated directed graph Gb = (V,Eb) and the C*-symbolic dy- 
namical system (A, p B ,£ B ) for B. Let S a ,a G Ea, T a ,a G Eb be the generating 
partial isometries of the associated C*-algebras O p A and O p B respectively. They 
satisfy the relations: 

y ' SpSp = 1, xS a S a = S a S a x, S a xS a = p A (x), 
E T b T b * = 1, xT a T: = T a T*x, T* a xT a = pf[x), 

b£E B 

for all x G A and a G Ea, a G Eb respectively. The C*-algebras 0„a and O p s are 
isomorphic to the Cuntz-Krieger algebras 0~ and respectively. Put subalgebras 

B A = C*{S a EiS* :a£E A ,i=l,...,N)cO p A, 
B B = C* (T a EiT* : a G E B , i = 1, . . . , N) c O pB . 

Since S a EiS^ ^ if and only if 5* S a — E i7 which is equivalent to r(a) — Vi. Hence 
Ba is of |£^|-dirnension, and similarly Bb is of |i?B|-dimension. By the identities 

N 

Ei= E S «P«( E i)S*a = E E % a,j)S a EjS*, i = 1, . . . , N, 

aeE A aeE A j = l 
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Ei belongs to Ba so that A C Ba and similarly A C B B - The equality (7.1) implies 
that the cardinal numbers of the sets of the pairs of directed edges 

= e e a X e b I *(«) = Vi,r(a) = s(b),r(b) = Vj }, 

E BA } = {(a,/3) £ £b x £a s(a) - w< ,r(a) - s(/3),r(/3) = Vj } 

coincide with each other for each Vi and Vj, so that one may take a bijection 
k : Yi AB — U5 =1 E^ } -)• = u£. =1 Ef™ such that 

s(a)^s(a), r(6)=r(/3) if «(a, 6) = (a, 

We then have 

Lemma 7.1. for (a, 6) G E AB ,(a,/3) G E BA twitA, «(a,6) = (a,/3), we ftaae 

p B op A (E i )=p A op B (E i ), i = l,...,N. 
Proof. We have for i, = 1, . . . , iV 

AT N 

pi o ^(f?i)^fc - E aJ)Pb(Ej)E k = Mh a,j)B(j, b, k)E k . 

3=1 3=1 

Hence p B op A (Ei)E k = E k if and only if Vi = s(a), r(a) — s(b),r(b) = Vk- Similarly 
for (a, 0) G E Bj4 , we have p A o p B (Ei)E k = E k if and only if Vi = s(a),r(a) = 
s((3),r((3) — Vk- The condition n(a, b) = (a, (5) implies r(a) = s(b),r(a) = 
s(j3),s(a) = s(a),r(b) — r(/3). Therefore 

pf o /£(Ei)E k = p A o p*(Ei)Ek for i, k = 1, . . . , N 

and hence p B ° p A = p A ° Pa ^ K ( a i = ( a i ^ 

We thus have a C*-textile dynamical system 

(A,p A ,p B ,E A ,E B ,K). 

We set 

E K = {(a,b,a,j3) £ E A x E B x E B x E A \n(a,b) = (a, /?)}. 
For a G E# and a G -Ea, we will describe the *-homomorphisms 

5jg : Bp a (= Ba) — > B p a (= B A ) and % = Bp* (= — »• B pB (= B s ) 
which will be denoted by p A and by p B respectively. We set 

Eab = E AS , E B a = E Bj4 . 

For (a, (3) G E#a there uniquely exists (a, b) G Eab such that «;(«, b) — (a, /3). We 
then define a map for a e E B 

K a ■ /3 G {/3 G £?A|(a,y8) G E B a} — ► a G {a G E A \n(a,b) = (a, (3) for some b G E B }. 
Similarly, we then define a map for a G -Ea 

k q : b G {6 G E B |(a, 6) G Eab} — > a G {a G E B |/t(a, 6) = (a, /3) for some (3 G Ea}. 

We write the projection Ei also as E Vi . Hence w G Ba, z G Bb are uniquely written 
as w = T, a eE A w{a)S a E r{a) Sl, z = J2 a eE B z(a)T a E r(a) T* for w(a),z(a) G C. 

Lemma 7.2. Keep the above notations. We have 

p A (w) = ]T w( Ka {0))SpE rW S}, p B (z) = Yl z(*«(b))T b E r{b) T b *. 
/3eE A feE B 
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Proof. We have 



p£( w ) = E s PPb{w(a) E r( a ))S*p= E w(a)SpT£E r{a) T b S*p. 



P,b,a P,b,a 
(a,b,a,P)£E n (a,b,a,P)£E K 

Since T b * E r r a yT b — E r r b ) — E r rm and a — K a (f3), we see 

tf(w) = E w{K a [fi))SpE T{p) S}. 
peE A 

We similarly have 

P«(*)= E T b pf{z{a)E r(a) )TZ = E z(a)T b S;E r(p) S;T b *. 

b,a,0 b,a,P 
(a,b,a,p)eE K (a,b,a,p)£E K 

Since S*pE r ( a ^S*p — E r ^ = £7 r (b) and a = K a (b), we see 

P*(z)= E w{n a {b))T b E r{b) T b \ 

beE B 

□ 

For bj = (a, b, a, /3) £ put = r(6)(= r(/3)) G V and 

E U = E V(U) (= p b B {pi{l)) = p A {p B a {l))). 
Then the Hilbert C*-quad module % K is written as %^' B and regarded as 

«« ,B = E ® c ^- 

u>eE K 

For^ = E. ££k e eH^),^' - £ w£ ^ e r(w)^ (w) € ?# fl andy = £„ eV y(t;)25„ ^ 
^4 with £(w),£'(u;) and £ C, we see 

0. The right .4-module structure and the right ,4-valued inner product arc 
written as follows: 

fruGO = E e £M^My(«M), ffl'U = E 

Furthermore for to = £ aeBA w(a)S a E r{a) S*, z = J2aeE B z{a)T a E r{a) T* with 
z(a) e C, 

1. The right #A-action and the right £>B-action ips are written as follows: 

^W= E ®£M s »m<M«>) = E ®£(^M&M)^m, 
fPflW= E ®^)E v( ^b{z) = e e eM^(rH)^ (w) . 

2. The left S^-action <^ and the left £>B-action <pB are written as follows: 

Mw)Z = E ®^) e v(u)4>a{w) 

= E ®Z("Mt("))E v{u)P ? {u) (E r{t{u)) ). 

u£E K 
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As Pr(w)( E r(t( u ))) = K(u), we have 
We also have 

loEE k 

= E e ^) Z ( l (^)) E v( U )pt(u)( E r(l(u;)))- 

As Pb(u)( E r(i(u))) = E V ( U ), we have 

M*)Z= E ffi £M*(*M)£„(uO- 

3. The right Ba- valued inner product (-\-)a and the right £>B-valued inner prod- 
uct (-\-)b are written as follows: 

(m')A = E s b{u) ^j)E v{0J ^(uj)s* Hu) , 

m')B = E T r(u) W)E v( ^{u)T;^y 
As E v{uj) = Sl {u) S b{u]) = T* {u) T r{u]) , we have 

(m')A = E iMe'Mfyuo^w <£K% = E IRe'M^)^. 

4. The positive maps A^ : — > A and Ab : B B — > A are written as follows: 

Aa(w) = E t "( a ) £ ''(<»)' A s (^) = E ^(a)^r(a)- 

Hence we have 

Put p Q = S a E r ( a -)S* for a £ i^A and g a = T a E r ^T* for a G E B . Hence 
Ba = E C??a ' 165 = E C<?a ' 

qG-Ea aGE B 

By Lemma 7.2, we have 

PaH = E w M/3))P/3 for w = E G B A , (7.2) 

Z 5 ?^) = E fo^ = E z ^ E Bb - ( 7 - 3 ) 

We define k b : Ea X- E B x E A — > {0, 1} and ka : E B x Ea x E B — > {0, 1} by 

, m f 1 ifKo(/3)=a, , , ,x fl if K a (b)= a, 
n B {a,a,p) = < . and ka(o, a, b) = < 

10 otherwise 10 otherwise. 
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We identify the C*-algebra O h a,b with the universal C*-algebra subject to the 
relation (H^' B ), and denote the generating partial isometries by u Q ,a £ Ea and 
v a ,a £ E B . Since Pa{w) = v*wv a and p B (z) = u*zu Q with (7.2) and (7.3), we 
have 

Lemma 7.3. 

v*p Q v a = ^ K B(a,a,(3)pp, u* a q a \i a = ^ K A (a,a,b)q b . 

/3eE A beE B 

Define \E A \x |£U|-matrix A E = [A E (a, f3)] a peE A and \E B \x \E B |-matrix B E = 
[B E {a,b)\ 

a,beE B by 

A E (a,P) = i 1 Sfr («) = «W, B E (a,b) = i 1 * r & = a ®> 
K ' \0 i£r(a)?a(J3), \o ifr(o)^a(6) 

respectively. We then have for S £ Ea, 

E r{ s) = E Spf4(E r(S) )S}= ]T 5^(15),^^))%^= 2 



and similarly for d £ £7^ 



Since we know that 



£ r(d) = ^ B E (d,b)q b . 

beE B 



p B (ps) - I Er( - S) if<5 = a ' p A (qd) - \ Er{d) ' lid = a > 

[0 otherwise , " [0 otherwise 

and J2seE A PS = HdeE B 5d = 1, we have 

u*u Q = Y, AE ^,P)pp, v> a = J2 BE (^)q b . 
peE A beE B 

Therefore we have 

Proposition 7.4. The C* -algebra O^a.b is ^-isomorphic to the universal C* - 
algebra generated by two families of projections {p a }a£E A , {<la}aeE B and two fam- 
ilies of partial isometries {\L a }a£E A , {v a }aeE B subject to the relations: 

= E*=E u ^ + S VbV b = !. ( 7 - 4 ) 

/3e£U fce-Es 0eE A beE B 

u Q u*p Q = u Q u* , v a v* a q a = v a v*, (7.5) 

u a u*g a = g a u Q u* , v a v*p Q = p a v a v* a , (7.6) 

u*u Q = £ ^W)^, v> a = ^ B £ (a,% b , (7.7) 

PEE A bEE B 

VL* a q a u a = Y K A (a,a,b)q b , v*p Q v a = ^ K B {a,a,(3)pp (7.8) 
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for a G Ea and a G Eb where 

1 if n(a, b) — (a, (3) for some (i G Ea, 



n A (a,a,b) = 



K B {a,a,/3) = 



otherwise, 

1 if n(a, b) = (a, (3) for some b G Eb, 
otherwise. 



Proof. The relations (7.4), (7.5) and (7.7) imply 



and 



otherwise 



T,beE B B E {a,b)q b if d = a, 
otherwise. 



The above two relations are equivalent to (5.5) and (5.6). Since the two C*-algebras 
Ba and B B are generated by the projections {p a } a eE A and {q a }aeE B respectively, 
we see that the relations (7.4), (7.5), (7.6), (7.7) and (7.8) are equivalent to the 
relations {U^' B ). □ 

We will further study the above operator relations. 

Lemma 7.5. p a commutes with q a for all a G Ea, a G Eb- 

Proof. For a e E A , a e E B , by (7.4), we have 

Pa= ^2 U P U }P» + X! V >> V bPa 

fieE A beE B 

By (7.5), we have 

fu Q u; ifa = /3, t fv„v* if a = b, 

U ^=\0 ifa^/3, 9 ™> = [o iia^b 

so that p a = u„u* + J2beE B v & v t>a and hence q a p a = q a n a u* a + v a v* a p a . Since q a 
commutes with u Q u* and p a commutes with v a v*, we have 

q a p a = u Q u* q a + p a v a v* a , (7.9) 

which is symmetrically equal to p a q a - D 

Put for a, f3 e Ea and a, b G E B 

Jl if r(a) =«(&), Jl if r(o) = s(/3), 

10 otherwise, 10 otherwise. 

Lemma 7.6. For a G Ea, a G Eb, we have 

u a u " = X! K AB(a,b)q b , v*v a = k B a{(i, /3)pp. 
b£E B f)eE A 

Proof. By (7.4) and (7.8) and the equality X) a eB B K ^(a, ce, b) = kab(o>, b), we have 
u a u « = u " 9aUa = K A(a,a,b)q b = ^ K A B(ct,b)q b . 

aeE B aeE B b£E B b£E B 

The equality for v*v a is similarly shown. □ 
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Lemma 7.7. For a £ E A , a £ E B , ifr(a) — r(a), then u*u Q = v*v a . 

Proof. The condition r(a) = r(a) implies X^e-E B &)<7fc = J2beE B B E { a , b )lb- 

By the equality for u*u Q in the preceding lemma and the equality for v*v a in (7.7), 
we have u*u a = v*v a . □ 

Put 

Q K = {(a, a) £ Ea x E B \s(a) = s(a), n{a, b) — (a, /3) for some j3 £ EA,b £ E B } 

and e a , a = p a q a for (a, a) £ Q K . 

Lemma 7.8. (i) £( Q ,a)efi K e (Q , ) = 1. 

(ii) TTie C* -subalgebra B K of On K generated by the subalgebras B p and B v is 
^-isomorphic to the direct sum Y]r a a ) g Q ®Ce( Q a y It is the C* -algebra of 
all complex valued continuous functions on Q K . 

Proof. By the equality (7.9), one sees that p a q a ^ if and only if u^q a u a ^ or 
v aPa v a 7^ 0. The latter condition is equivalent to the condition that there exists 
b £ E B such that k,a((i, a, b) ^ or there exists f3 £ Ea such that Kfl(a, a, ft) 0, 
which is also equivalent to the condition that there exist b £ Eb and (3 £ Ea such 
that n(a, b) = (a, /?). Hence we have p a q a ^ if and only if (a, a) £ Q K . Therefore 
we have 

e (*,a) = Pa) ■ (J2 Qa) = 1- 

(a,a)eO„ aeE A aeE B 

As p a q a ■ Pa'q a ' = if a ^ a' or a ^ a', the C*-algebra B K is ^-isomorphic to 



We define two |fi K | x |0 K |-matrcies A K and B K with entries in {0, 1} by 
A K ((a,a),(6,b)) 



1 if there exists j5 £ Ea such that n{a, b) = (a, j3), 
otherwise 



for (a, a), (5, &) 6 f! K , and 
B K ((a,a),(p,d)) 



1 if there exists b £ Eb such that n(a, b) = (a, /?), 
otherwise 



for (a, a), (/3, d) £ Q K respectively. They represent the concatenations of edges as 
in the following figures respectively: 



-> o 
b 



b and 

4- o > o 

->■ o 



Proposition 7.9. TTie C* -algebra O^a.b is ^--isomorphic to the universal C*- 
algebra generated by a family {e( a .a)}(a.a)en K . of projections and two families of 

43 



partial isometries {u a } ae E A , {v a }aeE B subject to the relations: 



(a,a)£fi„ 


/3g£a b£E B 


(7.10) 




= ^ u « u a e (a, a ) = Y e O,a) U " U a> 


(7.11) 


* 


= Y V « V a e (a,a) = 51 e (",a) V ° V a' 
cc£Ea uGEa 


(7.12) 


u a e (a,a) u a 


= Y 4«(( a > a )> ( S > b )) e (S,b), 
(o,fc)ef2 K 


(7.13) 


v*e (a , a) v a 


= 5] B K((a,a), {p,d))e {!34) 


(7.14) 



for a £ Ea and a £ Eb- 

Proof. Let u Q , ol £ Ea and v a ,a £ Eb be the partial isometries as in Proposition 
7.4. The equalities (7.11) and (7.12) follow from the equalities (7.4) and (7.5), (7.6). 
As u* aPa u a = u Q u* by (7.5), we have by (7.8) 

u* e( a , a )U a = u* q a u a = Y K A (a,a,b)q b 

beE B 

= Y K A (a,a,b) Y Pslb 

b£E B SeE A 

The equality (7.14) is similarly shown. Hence the equalities (7.10), . . . , (7.14) follow 
from the equalities (7.4), . . . , (7.8). Conversely, from the projections e( a)0 ), (a, a) £ 
Q K by putting 

Pa ^ ' e (a,a)j 9a ^ ] e (a,a) 

a£E B a£E A 

the equalities (7.4), . . . , (7.8) follow from the equalities (7.10), . . . , (7.14). □ 
We then see the following theorem: 

Theorem 7.10. The C* -algebra O u a, b associated with the Hilbert C* -quad module 
B defined by commuting matrices A, B and a specification n is generated by 
partial isometries S^ a ^ , T^ a a ^ for (a, a) £ Cl K satisfying the relations: 

Y S (&,b) S *6,b) + Y T {PA) T *f),d) = 1 ' 
(8,b)en K (p,d)en K 

S ( a ,a) S (a,a) = Y Ak ( fl ) ' ^' ^ ( S (S,b) S (S,b) + T (<5,&) T (S,b) ) . 
(<5,6)€n„ 

T *o,a) T (a,a) = Y Bk a ) ' ^ ( S (M S (P,d) + T 0M) T (*/3,d)) 

for {a, a) £ Cl K . 
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Proof. The algebra O u a,b is generated by u Q , a G i?A,v a ,a G i?^ ande( a a ), (a, a) G 
f2 K as in the preceding proposition. For (a, a) G Q K , put 

»5(a,a) = e (a,a) u cn r (a,a) = e (a,a) v Q- ( 7 -15) 

Denote by C*(S'( Q)0 ), 7( a)0 ) : (a, a) G the C*-subalgebra of O^a.b generated 
by elements S^a^^a.a), ( a 7 a ) G We have 

s ( a ,a) s (a,a) = u*e (a>a) u a = ^ A K ((a, a), ((5, b))e^, b )- 
As e( a a )U ( g = for /3 ^ a, and e^ a a )Vb = for b ^ a, we have 

e (a,a) = X! e (a,a) U /3 U ^ e (a,a) + X/ e (a,a) V b V fc e (a,a) 

= e (a,a) u a U ae( Qja ) + e( a>a ) V a V*e( ai0 ) 
- '-'(a,a)'->( Q ,a) "I" J (a,a) J ( a ,a) 

so that e( ajCl ) belongs to the algebra C*(S^ a ^, T( a ,a) '■ ( a ; a ) G an d the equality 

S, (*a,o)' S, (a,o) = A «(( a > a )' ( 5 > b ))( S (S,b) S (5,b) + T (S,b) T *8,b)) 

holds. Similarly we have 

As E( Q ,a)eo K e (a,a) = 1 and e( Q , a )U^ = for 13 ^ a, wc have 

aGS* 7 (a,a)eO« 
(a,a)ef2 re 

so that u Q and similarly v a belong to the algebra C*(S , ( Qia ), T( a a ) : (a, a) G K ). 
Therefore the C*-algebra generated by e( Qitl ),u a ,v a coincides with the subalgebra 
C*(5 M ,T M :( a ,a)eOJ. □ 



Put n = |f2 K |. Define a 2n x 2n-matrix _ff K with entries in {0, 1} by the block matrix 

H K = 



A K A K 
B K B K . 



Denote by I n and I 2n the identity matrices of size n and of size In respectively. 

Lemma 7.11. 

(i) I? n /{H K - I 2n )I? n = Z n /(A K + B K - J„)Z". 



(ii) Ker(ff K - I 2n ) m 1 2n S Ker(^l K + B K - I n ) m Z n . 



Proof, (i) Put a 2n x 2n block matrix i? K = 



^4k 

B K 



Then we easily see 



Z 2n /(H K - I 2n )Z 2n £* Z 2 7(ff K - 7 2 „)Z 2 ". 

Define a map 

* : (a;i,... ? x n > 2/1 j ■ ■ ■ i 2/n 

) G Z ™ — >■ (xi + 2/i, • • • , x n + y n ) G Z™ 
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which is a surjective homomorphism of abelian groups from Z 2 ™ to Z". Since we 
know - hn)^ 2n ) = (A K + B K - 7„)Z™, the homomorphism * : Z 2 " — > Z™ 

induces an isomorphism from Z 2 " /(H K -I 2n )Z 2n to Z"/(^ K + J B K -/„)Z™. Therefore 
Z 2n /(H K - J 2 „)Z 2 ™ is isomorphic to Z"/(A K + B K - J„)Z". 

(ii) The groups Kcr(iJ K — 7 2 n) m Z 2 ™ and Ker(A K + B K — I n ) in Z" are the torsion 
free part of Z 2n /{H K - I 2n )Z 2n and that of Z n /{A K + B K - I n )1 n respectively, so 



that they are isomorphic to each other. 
Therefore we reach the following theorem. 



□ 



Theorem 7.12. The C* -algebra 0^,a,b associated with the Hilbert C* -quad module 
Hk ' B defined by commuting matrices A, B and a specification k is isomorphic to 
the Cuntz-Krieger algebra O r a,b for the matrix H^' B . Its K-groups K ) ,{O h a,b) 
are computed as 



K (O h a,b) = Z n /(A K + B K - J„)Z", 

= Ker(A K + B K - I n ) m Z", 



where n = \Cl K \. 



We will finally present a concrete example. For 1 < N, M <G N, let A and B 
be the lxl matrices [N] and [M] respectively. The directed graph Ga associated 
to the matrix A = [N] is a graph consists of a vertex denoted by v with TV- 
self directed loops denoted by Ea- Similarly the directed graph Gb consists of 
the vertex v with M-self directed loops denoted by Eb- We fix a specification 
k : Ea x Eb — > Eb x Ea defined by exchanging a) = (a, a) for (a, a) G 
E A x E B - Hence fl K = E A x E B so that \Sl K \ = \E A \ x \E B \ = N x M. We then 
know ka((ck, a), (S, b)) = 1 if and only if b = a. And kb((q, a), (/?, d)) = 1 if and 
only if j3 = a as in the following figures respectively. 



-> o 



and 



In particular, for the case N = 2 and M = 3, we write Ea = {1, 2}, E B = {1, 2, 3} 
and f2 K as 

n K = E A xE B = {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3)}. 

The 6x6 matrices A K and B K are written along the above ordered basis in order 
as: 



A K = 



10 10 

10 10 

1 1 

10 10 

10 10 

1 1 



and 



B K = 



1 1 1 
1 1 1 
1 1 1 









1 1 
1 1 
1 1 
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respectively so that we have 



A K + B K - I = 



1 


I— 1 


I— 1 


1 








1 


1 


1 





1 





1 


1 


1 








1 


1 








1 


1 


1 





1 





1 


1 


1 








1 


1 


1 


1 



It is easy to see that 

Z 6 /(A K + B K - 7)Z 6 Z/8Z, Ker(A K + B K -I) in Z 6 {0}. 

Therefore the C*-algebra O h a,b for A = [2], £> = [3] and k =cxchangc is a Cuntz- 
Krieger algebra stably isomorphic to the Cuntz algebra Og, whereas the C*-algebra 
®[2] [3] considered in [23] is isomorphic 2 <8> O3 which is isomorphic to 2 - We will 
further study these C*-algebras O h a,b in a forthcoming paper. 
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